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In  this  dissertation  we  extend  the  work  done  by  Bolker  and  Roth  in  calculating 
the  dimension  of  the  stress  space  of  bipartite  frameworks. 

We  have  presented  results  which  are  analogous  to  those  known  for  complete 
bipartite  frameworks,  yet  hold  for  a  much  wider  class  of  bipartite  frameworks. 

The  main  results  give  the  dimension  of  the  stress  space  of  certain  classes  of 
bipartite  frameworks,  which  are  easily  calculated  using  only  the  number  of  bars  and 
joints  and  knowledge  of  the  geometry  of  the  specific  realization. 

Some  of  the  techniques  used  in  this  dissertation  are  similar  to  the  techniques 
used  by  Bolker  and  Roth.  In  particular  we  use  the  same  map  r  to  separate  each 
problem  into  two  parts. 

We  also  have  made  some  observations  on  dependencies  of  sets  of  tensor  prod- 
ucts of  points  from  a  vector  space.  These  results,  although  interesting  for  their  own 
sake,  are  used  to  establish  some  general  results  about  the  kernel  of  the  map  r. 
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CHAPTER  1 
INTRODUCTION 


Most  people  have  an  intuitive  idea  of  what  it  means  when  we  say  that  a 
structure  is  rigid.  Anyone  who  has  ever  built  a  bookcase,  swing  set,  or  scaffold  has 
faced  the  question  of  the  rigidity  of  the  structure  at  hand.  For  example,  in  the  case 
of  a  scaffold  one  may  want  to  build  a  framework  which  looks  like  the  edge  skeleton 
of  a  cube  as  seen  in  figure  1.1. 


When  building  such  a  structure  we  know  that  without  extra  bracing  this  frame- 
work will  likely  collapse.  We  would  like  to  know  how  to  brace  this  scaffold  so  that  it 
will  be  rigid.  One  might  be  surprised  to  discover  that  adding  diagonals  to  five  of  the 
faces  of  the  cube  as  seen  in  figure  1.2  leaves  a  framework  which  is  still  not  rigid.  In 
fact,  from  rigidity  theory,  we  know  that  for  a  framework  in  3-space  with  eight  joints 


Figure  1.1:  Edge  Skeleton  of  the  Cube 
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we  would  need  at  least  18  bars  [3,  5]  to  build  a  framework  which  is  rigid.  One  can 
easily  see  that  the  framework  in  Figure  1.2  has  only  17  bars.  Hence  the  scaffold  seen 
below  is  not  rigid. 


Figure  1.2:  Braced  Cube 

In  combinatorial  rigidity  one  would  like  to  answer  questions  of  rigidity  in  a 
purely  combinatorial  way.  This  involves  determining  whether  or  not  a  given  frame- 
work is  rigid  by  simply  counting  the  number  of  bars  and  joints.  However,  as  one  might 
guess,  this  is  not  always  possible.  There  are  often  special  positions  of  the  joints  of 
a  framework  for  which  the  entire  framework  becomes  flexible.  Hence,  in  studying 
rigidity,  we  often  must  take  into  account  geometric  information  as  well. 

The  purpose  of  this  dissertation  is  to  examine  the  special  class  of  frameworks 
called  bipartite  frameworks  and  determine  when  such  frameworks  are  rigid. 


CHAPTER  2 
BACKGROUND 

This  chapter  is  devoted  to  the  background  and  notation  needed  to  understand 
the  work  presented  in  this  dissertation.  Some  of  the  notation  introduced  in  this 
chapter  is  not  used  for  several  pages. 

2.1    Projective  d-Space 

We  define  the  points  of  real  projective  d-space,  IP^,  to  be  the  nonzero  vectors 
from  M*^"*"^  modulo  the  following  equivalence  relation:  if  a,  6  G  K''"'"^  then  a  is  equivalent 
to  h  if  and  only  if  a  =  /i6  with    G  R  and  /i  7^  0. 

Next,  we  define  the  standard  representative  of  an  element  a  G  IP^.  Let  be 
the  last  nonzero  coordinate  position  of  a.  Define  the  standard  representative  of  a  to 
be  a'  =  ^a.  If  A;  =  d  +  1,  we  call  a  a  finite  point.  If,  on  the  other  hand,  k  <  d-\-\ 
then  ad+i  =  0,  and  we  call  a  a  point  at  infinity.  The  standard  embedding  of  R*^  into 
is  given  by 

(ai,  02, 03, aa)  ^  (ci,  02, 03, a^,  1). 

We  say  a  set  of  points  W  =  {wi,W2,W3,  ....,Wn}  C  is  dependent  if  the 
standard  representatives  are  linearly  dependent. 

We  now  define  the  Pliicker  coordinates  of  the  line  C  through  2  distinct  points 
a,  6  e  P^.  First,  let  M  be  the  2  x  (d+l)  matrix  whose  two  rows  are  the  projective 
coordinates  of  a  and  b  respectively.  The  Pliicker  coordinates  for  C  are  denoted  by 
L  =  ay  b  and  are  given  by  the  (''2')-tupl6  whose  entries  are  the  2  x  2  minors  of  M 
in  some  fixed  order. 
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One  can  show  that  if  c  G  IP^  is  on  the  hne  through  a  and  b  then  aV  b  —  uay  c 
for  some  nonzero  u  e  R  [13].  Furthermore,  it  can  be  shown  that  distinct  Hnes  have 
Pliicker  coordinates  which  are  not  scalar  multiples  of  one  and  other  [9]. 

Now,  given  j  points,  Xi,X2,  ...,Xj,  in  IP^,  let  be  the  j  x  (d+l)  matrix  whose 
j  rows  are  the  projective  coordinates  of  Xi,X2,  ...,Xj.  Define  the  Pliicker  coordinates 
of  V  a;2  V  ...  V  Xj  to  be  the  (''^^)-tuple  whose  entries  are  the  j  x  j  minors  of  A^.  In 
the  case  when  j  =  d+  I  we  use  the  following  notation: 

Xi  V  X2  V       V  ...  V  Xd+l  =  [X1X2X3...XCI+1]. 

We  note  that  V  is  antisymmetric;  hence  V^^jXi  =  0  if  and  only  if  the  set 
{xi,X2,X3,  ...Xj}  is  dependent.  Furthermore,  for  any  u  e  R  we  have  aV  {i/b  +  c)  — 
uaW  b  +  aV  c.  We  often  will  use  juxtaposition  to  indicate  V;  that  is  a  V  6  =  a6. 

Using  projective  coordinates  we  can  easily  keep  track  of  forces  and  moments. 
Moreover,  the  properties  we  are  studying  are  invariant  under  projective  transforma- 
tions. For  the  remainder  of  the  dissertation  we  will  work  with  the  finite  points  of  P^. 
For  an  in-depth  study  of  projective  geometry  see  Veblen  and  Young  [13]  or  Hartshorne 
[8].  Also,  one  can  can  find  more  information  on  the  properties  of  V  and  (g)  in  Doubilet 
et  al.  [6],  Greub  [7],  or  Meyer  et  al.  [9]. 

2.2  Statics 

In  statics  a  set  of  forces,  often  represented  as  vectors,  is  applied  to  a  structure 
at  specified  points.  The  response  of  the  structure  to  these  forces  is  then  studied. 

If  we  apply  a  set  of  forces  to  a  solid  object,  in  3-space,  the  motion  of  the  object 
will  be  determined  by  the  net  moment  of  the  applied  forces.  In  3-space  a  nonzero 
moment  about  a  particular  axis  indicates  a  rotation  about  that  axis.  We  eliminate 
all  Euclidean  motions,  in  3-space,  by  restricting  our  attention  to  sets  of  forces  which 
cause  no  motion  when  applied  to  a  solid  object.  In  particular,  we  need  more  than  just 
the  sum  of  the  forces,  as  free  vectors,  to  be  zero.  We  see  in  figure  2.1  that  the  sum 
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of  the  forces  is  zero;  yet  the  bar  to  which  the  forces  are  appUed  obviously  will  move. 
In  this  example  we  notice  that  the  forces  are  bound  to  a  particular  line  of  action 
and  it  is  these  line-bound  forces  that  we  will  work  with  when  examining  motions.  In 
particular,  to  cause  no  motions,  a  set  of  forces  applied  to  a  solid  object  along  specified 
lines  must  have  a  zero  net  moment  about  every  axis.  We  call  such  a  set  of  forces  an 
equilibrium  system. 


Figure  2.1:  Line-Bound  Forces 

Moreover,  let  G  =  {gj}  be  a  set  of  forces  in  3-space  applied  at  the  Euclidean 
points  Qj.  Then  G  is  an  equilibrium  system  if  and  only  if  the  following  equations  are 
satisfied: 

Now,  we  translate  this  to  a  projective  setting.  A  free  vector  f  =  (/i,  /2,  f^)  ap- 
plied at  a  point  p  =  (pi,P2,P3)  can  be  represented  projectively.  Let  /  =  (/i,  /2,  /a,  0) 
and  p  =  (pi,P2,P2,  !)•  Look  at  F  =  /  Vp  =  (/i,  /a,  /s,  /1P2  -  /2P1,  fiPs  -  hPu  /2P3  - 
/3P2)  and  note  that  the  first  three  coordinates  of  F  are  the  same  as  those  of  f  and 
that  the  last  three  coordinates  are  simply  the  coordinates  of  f  x  p.  We  call  F  a  line- 
bound  force  or  simply  a  force.  We  see  that  the  coordinates  of  F  have  all  the  essential 
information  to  determine  both  the  net  force  and  the  net  moment.  Therefore  a  system 
of  forces  Fj  is  an  equifibrium  system  if  and  only  if  Fi  =  0.  This  projective  version 
of  line-bound  forces  generalizes  nicely  to  higher  dimensions  where  the  cross  product 
is  meaningless. 


6 


2.3    Bar  and  Joint  Frameworks 

Instead  of  applying  forces  to  solid  objects  we  will  apply  forces  to  objects  called 
bar  and  joint  frameworks.  A  bar  and  joint  framework  is  a  pair  S{J,E),  where  J  is 
an  indexed  set  of  points  {ci,  02, 03, a^}  from  P*,  called  the  joints,  and  £^  is  a 
set  of  unordered  pairs  {{o,,  a^}, ...}  called  the  bars.  This  also  defines  an  obvious 
graph  associated  with  the  bar  and  joint  framework  called  the  underlying  graph.  For 
simplicity,  J  will  contain  only  distinct  finite  points  of  and  z  /  i  for  every  {at,  aj}  G 
E.  We  are  interested  in  static  rigidity,  which  is  the  study  of  the  response  of  bar  and 
joint  frameworks  to  all  equilibrium  systems.  Since  an  equilibrium  system  will  cause 
no  Euclidean  motions  we  will  try  to  determine  when  a  framework  has  an  internal 
motion. 


Figure  2.2:  Motions 

To  illustrate,  we  look  at  the  two  frameworks  seen  in  figure  2.2  with  forces 
f  1  =  f2  =  j  and  fa  =  — 2j  applied  as  depicted.  Clearly,  the  set  {fi,f2,f3}  is  an 
equihbrium  system.  It  also  is  obvious  that  figure  2.2a  will  not  move,  while  the  two 
bars  in  figure  2.2b  will  fold  together.  This  is  an  example  of  an  internal  motion. 

We  first  note  that  if  forces  are  applied  to  a  bar  and  joint  framework  we  can 
always  represent  this  as  a  system  of  forces  composed  of  exactly  one  force  at  each  joint. 
Definition  2.3.1.  An  equihbrium  load  on  a  bar  and  joint  framework  is  an  assign- 
ment of  forces  Fi  to  the  joints     such  that  Ft  passes  through  ai  and      F,  =  0. 
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Notice  that  the  set  of  equihbrium  loads  forms  a  vector  space  over  R. 
Definition  2.3.2.  A  resolution  of  the  equilibrium  loadFi  by  the  bar  and  joint  frame- 
work is  an  assignment  of  scalars  Xa^oj  such  that  for  each  ai  ^  J  we  have 

Fi  +  '^XaiajdiV  aj  =  0, 

J 

where  Xa^aj  =  0  z/  {a^,  Oj}  ^  E. 

Thus  a  resolution  can  be  thought  of  as  an  assignment  of  tensions  and  com- 
pressions to  the  bars  of  a  bar  and  joint  framework,  which  are  in  equilibrium  with  the 
equilibrium  load  at  each  joint. 


Figure  2.3:  Bar  and  Joint  Framework 


Definition  2.3.3.  The  rigidity  matrix,  R{S),  of  a  bar  and  joint  framework  S  is  the 
matrix  whose  columns  are  indexed  by  the  joints  of  S  and  whose  rows  are  indexed  by 
the  bars  of  S  with  entries 


R, 


e,ai 


V  Oj  if  e  =  {oj,  Oj}  G  E, 
0  if  ai  ^  e. 


Note  that  each  ai  G  J  represents  (^^2^)  columns.  For  instance,  the  framework 
seen  in  figure  2.3  has  the  following  rigidity  matrix: 

a         b  c 
/      -    .  -  \ 


{a,  ft} 
^=  {a,c} 
{b,c} 


ay b    by  a  0 
a  V  c      0      c  V  a 
\    0      by  c    cVb  J 
Each  possible  assignment  of  scalars  to  the  bars  matches  some  equilibrium  load 
F  =  {Fx,  F2,  F3, F„}.  To  see  this,  let  A  be  an  assignment  of  scalars  to  the  bars  of 
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some  framework  S.  Define  -Fj  =  J2j  KiajCLi  V     The  following  shows  that  F  is  in 


fact  an  equilibrium  load: 


=  0. 


From  this  we  conclude  that  the  row  space  of  R  is  contained  in  the  space  of  equilibrium 
loads.  Now  we  would  like  to  answer  the  following  question:  Are  all  equilibrium  loads 
resolved? 

Definition  2.3.4.  A  bar  and  joint  framework  is  statically  rigid  if  every  equilibrium 
load  is  resolved. 

Therefore  to  be  statically  rigid  the  row  space  of  R{S)  must  contain  a  basis  for 
the  space  of  equilibrium  loads. 

Definition  2.3.5.  A  stress  of  a  bar  and  joint  framework  is  an  assignment  of  scalars 
^aiaj  to  the  bars,  at  least  one  nonzero,  such  that  at  each  point  Oj  we  have 


Note,  the  scalars  of  a  stress  are  the  coefficients  of  a  row  dependence  of  R{S). 
A  stress  also  can  be  thought  of  as  a  nontrivial  set  of  tensions  and  compressions  on 
each  bar  of  the  framework  which  reaches  equilibrium  with  the  zero  load. 

It  is  clear  that  the  stresses,  together  with  the  all  zero  assignment,  form  a 
vector  space  over  the  reals.  We  call  this  vector  space  the  stress  space.  Given  a  bar 
and  joint  framework  G,  we  denote  the  stress  space  of  G  hy  Q.o-  Hence,  to  determine 
if  a  framework  is  statically  rigid,  one  compares  the  rank  of  the  rigidity  matrix  to 
the  dimension  of  the  space  of  equilibrium  loads.  We  find  for  a  given  framework  G 
rank{R)  =  \E\-  dim{Q.G)-  From  this  we  deduce  the  obvious  corollary. 


3 


where,  again,  we  have  Xa^aj  =  0  if  {ai,aj}  ^  E. 
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Corollary  2.3.6.  Let  G  be  a  bar  and  joint  framework.  Let  G'  be  a  framework 
obtained  by  removing  one  bar  from  G.  Then  dim{Q,c)  >  dim{Qc')  >  dim{Q,G)  —  1. 

What  is  now  left  to  do  is  calculate  the  dimension  of  the  space  of  equilibrium 
loads.  We  note  that  if  the  framework  is  in  projective  d-space  then  there  is  a  d- 
dimensional  choice  of  possible  forces  at  each  joint.  Since  the  forces  in  an  equilibrium 
load  must  sum  to  zero  and  each  force  in  the  load  is  a  (''2  0 "tuple,  each  load  is  subject 
to  (''2^)  restrictions.  Thus,  if  |  J|  =  v  then  the  dimension  of  the  space  of  equilibrium 
loads  is  dv  -  ('^2^);  as  long  as  the  framework  does  not  he  in  a  d  —  2  dimensional 
subspace.  This  brings  us  to  an  important  theorem  [5]. 

Theorem  2.3.7.  S  is  statically  rigid  if  and  only  if  the  rank  of  the  rigidity  matrix  is 

Now,  using  Theorem  2.3.7  we  arrive  at  the  following  corollary. 

Corollary  2.3.8.  If  S  is  statically  rigid  then  \E\  >  dv  -  ('^2^). 

Details  of  the  basics  of  rigidity  theory  can  be  found  in  both  Crapo  [3]  and 
Crapo  and  Whiteley  [5]. 

2.4    Bipartite  Bar  and  Joint  Frameworks 

We  will  now  concentrate  on  a  special  type  of  framework  called  a  bipartite 
framework. 

Definition  2.4.1.  A  bipartite  framework  is  a  framework  whose  underlying  graph  is 
a  bipartite  graph  with  vertex  sets  A  and  B.  Unless  otherwise  stated,  we  will  always 
assume  \A\  =  m  and  \B\  =  n. 

For  the  remainder  of  this  paper  we  use  Kmn  to  denote  both  the  complete 
bipartite  framework  and  the  underlying  complete  bipartite  graph  Kmn- 

A  graph  is  bipartite  if  and  only  if  it  has  only  odd  cycles  [2].  The  rigidity  of 
bipartite  frameworks  has  been  studied  for  years.  One  reason  bipartite  frameworks  are 
of  such  interest  is  because  they  are  examples  of  frameworks  that  contain  no  triangles. 
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In  fact,  around  the  turn  of  the  century  it  was  known  that  the  framework  K^^  in  the 
plane  was  stress-free  if  the  joints  were  in  generic  position;  yet  if  the  6  joints  of  the 
framework  fell  on  a  conic,  there  would  be  a  stress  and  the  framework  would  become 
nonrigid  or  flexible.  Moreover,  in  1978  Whiteley  made  a  similar  conjecture  for  K^^ 
in  3-space.  In  1980,  Bolker  and  Roth  wrote  the  paper  "When  is  a  bipartite  graph  a 
rigid  framework?"  [1]  which  gives  a  formula  for  the  dimension  of  the  stress  space  of 
any  realization  of  a  complete  bipartite  framework  in  d-space.  The  result  of  Bolker 
and  Roth  will  be  stated  after  some  notation  is  presented. 

We  often  will  consider  different  realizations  of  a  particular  framework.  A 
realization  is  an  assignment  of  joints  to  points  in  IP^,  the  space  in  which  the  framework 
is  embedded. 

For  a  bipartite  framework  G  one  may  write  a  stress  as  a  real  valued  function 
\ab  on  the  bars  such  that 

1-  Eae/i  ^abO-h  =  0      for  all    €  5 

2.  Xl6eB  ^o.boi>  =  0      for  all  a  G 

where  \ab  =  0  if  {a,  h]  ^  G.  It  is  easy  to  check  that  this  definition  of  a  stress,  in 
the  bipartite  case,  coincides  with  the  definition  given  earlier;  that  is,  every  matrix  A 
satisfying  conditions  1  and  2,  given  above,  is  clearly  a  row  dependence  of  the  rigidity 
matrix  of  the  framework  G. 

Therefore,  a  stress  A  of  a  bipartite  framework  G  with  vertex  sets  A  and  B  is 
an  \A\  X  \B\  matrix  whose  rows  are  indexed  by  the  elements  of  A  and  columns  are 
indexed  by  the  elements  of  B.  Hence,  the  stress  space  Q.g  is  the  space  of  \A\  x  \B\ 
matrices  which  satisfies  equations  1  and  2,  given  above,with  zeros  in  the  prescribed 
positions.  Note  that  every  bipartite  framework  G  can  be  described  as  some  complete 
bipartite  framework  Kmn  with  specified  bars  removed. 

Let  G  be  a  bipartite  framework  and  A  G  ^g-  Denote  pa  -  J^^eB  ^ab  for  every 
a  e  A  and  %  -  Yja^A  ^".b  for  every  b  e  B,  respectively  called  the  row  sums  and 
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column  sums  of  a  stress.  Let  Ab{G)  and  Ba{G)  be  defined  as  follows: 

Ab{G)  -  {a  G  A\{ab}  G  0} 

Ba{G)  =  {be  B\{ab}  G  G}. 

Given  a  bipartite  framework  on  the  vertex  sets  A  =  {oi,  02, 03, a^}  and  B  = 
{61, 62,  ^3,  b...,  bn}  we  can  define  the  linear  map  r  :  — )■  R'""^"  by 

t(A)  =  (pan Pa2, Pas, •->Pa„,76i, 762>763>->76n)- 

The  space  of  dependencies  will  be  important  in  our  analysis  of  the  stress 
space  of  bipartite  frameworks.  Let  S  =  {si,  S2,  S3, Sf}  C  P^;  fix  the  homogeneous 
coordinates  of  the  points  of  5;  and  define 

t 

t=i 

Note  that  the  t-tuple  of  zeros  is  in  0(5).  Furthermore,  D(5)  is  closed  under  addition 
and  scalar  multiplication  and  therefore  a  vector  space  over  R.  Hence  we  call  0(5) 
the  vector  space  of  dependencies  of  S. 

We  also  will  make  use  of  the  Kronecker  product  of  an  /-tuple  with  a  fc-tuple 
which  is  defined  as  follows:  given 

a  =  (01,02,03,  ...ai)  G  P'"^ 

and 

b={biM,b3,...,bk)eF'-' 

define  o  (g)  6  to  be  the  /  x  k  matrix  M  with  M,j  =  Oj  •  bj.  Moreover,  given  two  sets 
E  c  Pi_i  and  F  c  Pfc_i  we  define  E  0  F  to  he  the  vector  space  of  finite  linear 
combinations  of  elements  of  the  form  e  (g)  /  with  e  e  E  and  f  E  F. 
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In  analyzing  the  stress  space  of  a  bipartite  framework  we  will  use  the  notation 
<  ^  >  to  mean  the  subspace  of  P*'  spanned  by  the  points  of  >1  C  P*^  and  make  use  of 
the  following  set 


Furthermore,  a  set  5  =  {si,  S2, St}  which  has  the  property  that  the  set  {si<8)Si,  S2<S> 
S2,  S(  0  St}  is  dependent  is  said  to  be  conically  dependent.  If  we  are  given  a  set  A 
of  n  points  from  IP^  we  will  denote  by  N{A)  the  dimension  of  the  null  space  or  nullity 
of  the  n  X  (d+ 1)  matrix  whose  rows  are  the  projective  coordinates  of  the  points  of  A. 
Notice  that  with  this  notation  we  have  dim{I]){A))  =  N{A).  We  call  ti  an  isthmus 
of  the  set  T  —  {t\,t2,tz,  ...,tk}  C  IP^  if  ii  is  not  involved  in  any  dependence  on  the 


Let  K  he  a.  complete  bipartite  framework  on  the  vertex  sets  A  and  B  such 
that  \A\  =  m  and  \B\  =  n.  Define  C  =  {Ar\  <  B  >)u{<  A  >  r\B).  Note  that 
C  ~  CKmn-  Now  we  may  state  the  result  of  Bolker  and  Roth. 
Theorem  2.4.2.  dim{nK)  =  N{A)N{B)  +  dim{B{C  0  C)). 

The  main  goal  of  this  dissertation  is  to  generalize  the  above  result.  A  large 
part  of  our  examination  of  the  stress  space  of  general  bipartite  frameworks  will  require 
us  to  determine  dim{B{CG<^CG)).  It  can  be  shown  that  B{Cg<S)Cg)  is  closely  related 
to  the  quadric  polynomials  which  vanish  on  the  set  Cg- 

Definition  2.4.3.  A  quadric  polynomial  is  a  polynomial  of  the  form 


Cg  =  {a  G  A\a  G<  Ba{G)  >}u{be  B\b  6<  ^(G)  >}. 


We  will  use  the  following  notations: 


B{Cg  0  Cg)  =  ID>({c  ®  c|c  e  Cg}). 


set  T. 


We  note  that  this  quadric  polynomial  is  completely  determined  by  its  (™^^) 


coefficients. 
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Definition  2.4.4.  A  quadric  surface  is  the  set  of  zeros  of  a  nontrivial  quadric  poly- 
nomial. 

We  denote  by  Q{C)  the  space  of  quadric  polynomials  which  vanish  on  the  set 

C. 

The  following  may  be  proved: 

Lemma  2.4.5.  If  C  =  {ci,C2,C3,  ...,Ck}  C  P''  and  h  =  dim{<  C  >)  <  d  then 
dim{Q{C))  >  max{0,  (''+^)  -  k}. 

Theorem  2.4.6.  If  C  =  {ci,C2,C2,  ...Ck}  C  and  h  =  dim{<  C  >)  <  d  then 
dim(D(C  ®  C))  =  dim{Q{C))  +  k-  {''f)}. 

The  details  of  these  results  can  be  found  in  Bolker  and  Roth  [1]  and  Semple 
and  Roth  [10]. 

In  calculating  dim(D{C  (8>  C))  we  use  the  following  map 

called  the  Veronese  map.  If  (xi,  X2,  X3, x^+i)  G  then  V{{xi,X2,X3,  ...,X(i+i))  = 
{xl,  xl,  xl,  ...,x'^_^^,xiX2,XiX3, XdXd+i).  We  would  like  to  answer  the  following  ques- 
tion: When  is  the  image  of  a  set  of  points  under  V  dependent  in  p(''2^)~^?  For  in- 
stance, we  know  if  a  set  C  of  6  points  is  in  generic  position  in  P^  then  o?im(D(C(8)C))  = 

0.  If  the  six  points  of  C  all  lie  on  a  conic,  then  dim{I}){C  <S>  C))  =  1.  In  fact,  if  d  =  2 
we  know  the  following: 

1.  The  image  of  2  points  spans  a  one-dimensional  subspace  of  IP^. 

2.  The  image  of  3  points  spans  a  two-dimensional  subspace  of  IP*. 

3.  The  image  of  any  number  of  points  on  a  line  spans  a  two-dimensional  subspace  of 
IP*. 

4.  The  image  of  4  points,  which  are  not  collinear,  spans  a  three-dimensional  subspace 
of  P5. 
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5.  The  image  of  5  points,  no  4  collinear,  spans  a  four-dimensional  subspace  of  P^. 

6.  The  image  of  6  points,  not  all  on  a  conic,  spans  IP^. 

Furthermore,  given  any  set  of  points  C  C      we  can  examine  the  above  list 
and  determine  the  dimension  of  D(C  ®  C)  [4]. 


CHAPTER  3 
MAIN  RESULTS 

3.1  Preliminaries 

For  the  remainder  of  this  paper  we  will  assume  that  the  vertex  sets  involved 
are  A  and  B.  Moreover,  Let  Ai  C  A  and  Bi  C  B  he  a  basis  for  <  A  >  and  <  B  > 
respectively.  We  will  also  denote  by  B2  =  B  -  Bi.  We  note  here  that  we  will  use 
A  to  mean  several  different  things.  It  will  be  clear  from  the  context  which  we  are 
using.  We  will  think  of  the  stress  A  as  an  m  x  n  matrix  whose  rows  are  indexed  by 
the  elements  of  A  and  whose  columns  are  indexed  by  the  elements  of  B,  as  well  as  a 
real-valued  function  X  :  Ax  B  ^R.  We  will  freely  use  Xab  to  mean  A(a,  b)  when  A  is 
a  function  and  to  mean  the  (a,  b)  entry  of  A  when  it  is  being  thought  of  as  a  matrix. 

The  following  lemma  is  proved  in  the  paper  by  Bolker  and  Roth  [1].  It  is 
independent  of  the  framework  G.  The  proof  is  presented  here  because  it  is  crucial  to 
the  proofs  of  many  of  the  subsequent  theorems. 

Lemma  3.1.1.  Assume  that  A  is  a  matrix  X:  Ax  B  ^R,  and  that  p  and  7  are  maps 
p:A-^Randj:B^R.  If 

(V     Yla^o.ba  =  ^bb  forallbeB2, 
and 

(^)     Hb  ^cJ>  =  Pad      for  all  ae  A, 
then  the  following  are  equivalent: 

(^)     Yla  ^o.ba  =  'Jbb      for  all  b  e  Bi, 
( Ea  Paa0a  =  J2b  ^bb  0  b. 
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Proof.  Assuming  (z),  together  with  (1)  we  obtain 

{iii)    ^  XabO  =  for  all  b  ^  B. 

We  begin  with  the  trivial  statement, 

aeA  beB  beB  aeA 

Linearity  of  the  tensor  product  gives  us 

^  a  (8)       Xabb)  =  Kta)  ®  b 

a€A  beB  beB  aeA 

and  using  (iii)  and  (2)  we  conclude 

Conversely,  rewrite  (ii)  as 

^  PoC  0  a  -  ^  7(,6  0  6  =       7i,6  0  b. 

aeA  beB2  beBi 

Using  (1)  and  (2)  we  find 

Aaftfl  ®  ^  -  X]  XI  '^"''^  ®  ^ = ^  7h&  0  6. 

aeA  66B  aeA  6eB2  beBi 

Again  we  use  linearity  of  the  tensor  product  to  obtain 

X(  J]  ^o-b'^  '^'^^^  <S>b)  =  y]  76^  0  b. 

aeA  beB  beB2  beBi 

The  above  can  be  rewritten  as: 

5Z  ^<^^  ®b-'^%b<^b  =  0. 

aeA  beBi  beBi 

Finally  we  arrive  at 

iJ2  ^'^ba  -  7bb)  0  6  =  0. 

beBi  aeA 

Because  Bi  is  independent,  we  may  conclude  [7,p.  6] 

y^  AaftO  =  7^6     for  all  b  e  Bi, 

aeA 

which  is  the  desired  result. 
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Lemma  3.1.2.  IfG  is  a  bipartite  framework,  then  ker{T)G  C  B{A)  (g)D(S) 
Proof.  Let  A  G  ker{T).  Note  that  every  row  of  A  is  an  element  of  D(B)  and  every 
column  of  A  is  an  element  of  D(A).  We  will  prove  A  G  'D{A)  ®D(S)  by  induction  on 
the  ordering  of  the  indices  stated  below. 

Order  the  entries  Mjj  of  an  mxn  matrix  M,  according  to  the  following  ordering 
on  the  indices:  Mij  is  earlier  than  Mki  if 
\.  i  <  k  ox 

2.  i  =  k  and  j  <  I. 

Let  Ajj  be  the  earliest  nonzero  entry  of  A  and  construct  the  following  element 
of  D(^)  (8)D(B):  Let  fig  =-  (A^,  Ai2, Xin)  e  B{B)  and  let  fiA  =  (Aij,  Asj, Xmj)  G 
D(yl).  Hence,  w  =  -^ha  <Si  Hb  ^  ^{A)  (8>D(5)  and  therefore  A''  =  A  -  u;  is  a  matrix 
whose  rows  and  columns  are  still  elements  of  D(A)  and  D{B)  respectively.  Now  we 
show  Nki  =  0  if  Nki  is  earlier  in  the  ordering  than  Nij.  Assume  first  Nki  /  0  with 
^ki  <  Nij.  This  implies  that 

■^H  =  — ^  0. 

Therefore  both  A,;  /  0  and  X^j  #  0.  Now,  \ik  <i,  then  Afc^  7^  0,  which  contradicts  the 
fact  that  \ij  was  the  earliest  nonzero  entry.  On  the  other  hand,  if  A;  =  i  and  /  <  j  then 
\n  ^  0  brings  us  to  the  same  contradiction.  Therefore,  the  earliest  nonzero  position 
of  A'^  is  later  than  Niy  Hence,  by  induction  we  can  write  A  as  a  linear  combination  of 
elements  from  D(yl)  (8)D(5).  Consequently  fcer(r)  C  D(>1)  (g)D(S)  as  required.  ■ 
We  note  that  this  gives  us  an  upper  bound  on  dxm{ker{T)G)-  The  following 
theorem  will  similarly  give  an  upper  bound  for  dim{Im{T)G). 
Lemma  3.1.3.  Let  G  be  a  bipartite  framework.  Then  Im{r)G  C  B>{Cg  O  Cq)- 
Proof.  Let  X  e  Qq-  Hence,  we  have 

1-  Ea  ^ata  =  76^ 

2-  I]6  Xabb  =  Paa 
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where  Xab  =  0  if  {a,b}  ^  G.  Hence  r(A)  =  {pa,  •••)•  Now,  A  satisfies  conditions 
1,  2,  and  i  of  Lemma  3.1.1.  Therefore  we  may  conclude 

a  6 

and 

Im{T)G  C  D((.4  UB)<S){AU  B)). 

We  note  that  from  1  we  conclude  if  6  ^  Cg  then  7^  =  0.  Similarly,  2  yields,  if  a  ^  Cg 

then  Pa  =  0.  Hence  r(A)  G  D(Cg  ®  Cg).  Therefore  /m(r)G  C  D(Cg  ®  Cg).  ■ 
In  general,  we  would  like  to  determine  for  which  frameworks  the  reverse  inclu- 
sion holds,  that  is,  to  find  geometric  conditions  for  when  D(Cg  'S>  Cg)  C  Im{T)G-  In 
fact,  many  of  the  following  theorems  are  proved  using  similar  techniques. 

The  following  is  a  sketch  of  one  of  the  most  common  proof  techniques.  This  is 
presented  for  the  sake  of  clarity  and  it  allows  us  to  slightly  shorten  the  explanation 
of  parts  of  several  of  the  following  proofs. 

To  show  D(Cg  ®  Cg)  C  /m(r)G  for  a  bipartite  framework  G,  we  start  with 
w  =  (pa,  •■•,76,  •••)  G  D(Cg  <8>  Cg)  and  construct  X  E  such  that  r(A)  =  w.  To 
do  this,  we  start  by  defining  the  elements  of  the  columns  of  A  corresponding  to  each 
element  6  G  -B2  so  that  they  satisfy  the  requirements  of  a  stress  on  G.  That  is,  for 
each  b  E  B2  define  Xab  so  that 

^  Xaba  -  %b 

a 

and  Xab  =  0  if  {a,  6}  ^  G.  Note  we  are  always  able  to  to  this  because  we  have 
•jbb  G<  Ab{G)  >.  Similarly,  for  each  a  G  ^,  if  possible  as  seen  in  figure  3.1,  we  define 
the  remaining  elements  of  each  row  so  that  each  row  satisfies  the  requirements  of  a 
stress  on  G.  Once  we  have  done  this  we  have  constructed  a  matrix  which  satisfies 
conditions  1,  2,  and  ii  of  Lemma  3.1.1.  Hence  we  may  conclude  that  the  matrix  we 
defined  is  in  fact  a  stress  of  the  framework  G. 
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Figure  3.1:  A  Construction 

3.2    Frameworks  With  Complete  Bipartite  Spanning  Subframeworks 

In  the  first  few  theorems  we  will  be  interested  in  realizations  of  bipartite  frame- 
works on  the  vertex  set  A  and  B  which  have  the  following  property: 

Definition  3.2.1.  We  say  a  bipartite  framework  G  has  a  complete  bipartite  span- 
ning subframework  if  there  exists  a  complete  bipartite  subframework  ofG  on  the  vertex 
sets  A  and  Bi  C  B,  such  that  Bi  is  a  basis  for  <  B  >. 

We  will  solve  many  of  these  problems  in  two  parts.  Using  the  linear  map  r, 
defined  previously,  we  know  that  dim{Q,G)  is  given  by  dim{ker{T)G)  +  dim{Im{T)G). 
Theorem  3.2.2.  Let  G  be  a  bipartite  graph  with  a  complete  bipartite  spanning  sub- 
framework. Order  the  elements  of  the  set  B  so  that  Bi  =  {bp+i,bp+2,bp+3,  ...,bn}. 
Then  dim{ker{T))G  =  Ej=i  dim{B{Ab^  (G))). 
Proof.  Take  the  following  elements  as  a  basis  for  B{B): 


where  the  1  is  in  the  position.  For  each  j 
basis  for  D(^fc^  (G)).  We  know 

1.  kj  =  dim{B{Abj{G)))  and 

2.  fij  e  D(^). 


Wj  =  (0,  0,       1,       0,  Pp+u  Pn) 

l,2,3,...,p  choose  {fijj2j,...fkjj},  a 


V 
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Let  V  =  {Dij}  be  the  set  of  elements  from  B{A)  <S)I!>{B)  given  by 

It  will  be  convenient  to  define  the  following:  for  any  matrix  M  let  Ck{M)  denote  the 
k^^  column  of  M.  Note,  by  construction,  Ch{Dij)  =  0  for  /i  <  p  except  when  h  —  j, 
in  which  case  Cj{Dij)  =  fij. 

We  see  \V\  =  Y7j=idim{lS){Ab.{G))).    To  see  that  V  is  independent,  first 

assume 

^^i/i,Aj  =  0. 

j  i 

Since  Cj{Yl,jYli^ij^ii)  =  Tji^ijfij^  we  can  conclude  for  each  j  =  1,2,3,  that 
we  have  J2i  ^iiftj  ~  0-  Therefore  Vij  =  0  for  every  i  and  j  because,  for  each  j, 
{fij,  f2j,  fsj,     fkjj}  is  independent.  Hence,  T>  itself  is  independent. 

Finally,  we  show  <  V  >=  ker{T)G-  Again,  by  construction,  every  element  of 
V  has  zeros  in  the  positions  i,j  where  {ai,bj}  ^  G,  hence  for  any  coefficients  Vij  we 
have 

^VijDij  G  ker{T)G. 

ij 

Therefore,  <  D  >C  ker{T)G. 

Conversely,  let  A  e  ker{T)G-  We  will  show  that  there  are  coefficients  Uij 
such  that  A  =  Y.ij^ijDij-  For  a  fixed  1  <  ;  <  p  we  have  Cj{\)  €  D(yl(,.  (G)). 
Therefore,  there  are  coefficients  Vij  such  that  Cj{\)  =  Y!IU  i^ijCj{Dij).  Hence,  Cj{X- 
'^ijDij)  =  0.  Therefore,  Cj{X  -      E£i  ^^i, A,)  =  0  for  j  =  1, 2, 3, 

Let^  =  A-E,  Ei=i^i^-^'i- 

see  is  a  linear  combination  of  m  x  n  matrices 
which  have  the  property  that  each  of  their  rows  are  elements  of  D(S).  Therefore  E 
itself  has  this  property.  Now  Cj{E)  =  0  for  j  =  1, 2, 3,  ...,p  and  each  row  of  E  is  an 
element  of  D(jB),  which  can  only  be  nonzero  on  a  basis  of  <  5  >.  Hence  E  =  0. 

We  have  shown  A;er(r)G  =<V>.  Thus,  dim{ker{T)G)  =  Ej  dim{lS){Ab.  (G))). 
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Theorem  3.2.2  gives  the  diTn{ker{T)G)  for  any  reaUzation  of  a  framework  con- 
taining a  complete  bipartite  spanning  subframework.  Next  we  find  the  dim{Im{T)G) 
for  these  frameworks. 

Theorem  3.2.3.  A  pair  of  vectors  {pa,CL  G  ^4)  and  {%,b  e  B)  are  row  and  column 
sums  of  a  stress  of  a  bipartite  framework  G  with  a  complete  spanning  subframework 
if  and  only  if 


(ii)      pa  =  0  if  ai<  Ba{G)  >,        =  0  2/    ^<  Ab{G)  >  . 

Proof  Let  A  G  J^g-  Then  its  row  and  column  sums  Pa  and  7;,  satisfy 

(1)  Ea '^aft^  =  76^  and 

(2)  ^<ibb  =  PaC. 

Using  Lemma  3.1.1  we  see  that  property  (z)  holds  for  a  stress  of  any  bipartite  frame- 
work. 

Furthermore,  since  A  is  a  stress,  it  is  clear  from  (2)  that  if  a  ^<  Ba{G)  >  then 
Pa  =  0.  Similarly,  using  1  we  find  76  =  0  whenever  b  ^<  Ai,{G)  >. 

Conversely,  assume  i  and  ii,  and  let  Bi  C  B  he  the  basis  of  <  B  >  so  that 
the  subframework  on  the  sets  A  and  Bi  is  complete. 

Note,  for  every  s  e  B2  =  B  -  Bi,  we  know  %s  e<  As{G)  >.  Hence,  for  each 
s  E  B2,  there  exist  scalars  Xas  such  that 


(^) 


Paa0a  =  Eft  766  ®  b 


and 


a 


where  Xas  =  0  if  {a,  s}  ^  G. 


Furthermore,  since  PaU  e<  Ba  >C<  B  >  we  have 


for  all  a  e  A. 


seB2 
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Hence,  for  every  a  ^  A,  there  exist  scalars  Xax  with  x  G  Bi  such  that 

AdjX  =  Pad  —  y  ]  Afl^S. 

Therefore, 

Xabb  =  PflO    for  all  a  e  A. 
Again,  using  Lemma  3.1.1,  we  conclude  that  for  all  x  ^  Bi, 

a  . 

Therefore  A  is  a  stress  with  the  given  row  and  column  sums  as  required.  ■ 

Corollary  3.2.4.  Let  G  be  a  bipartite  framework  with  a  complete  bipartite  spanning 
subframework.  Order  the  elements  of  the  set  B  so  that  Bi  —  {bp+i,bp^2,bp+z,  ...,6„}. 
Then  dimi^a)  =         ^(A,  (G))  +  dimBiCa  0  Co). 

Notice  that  in  the  case  where  G  is  a  complete  bipartite  framework  Ab.  (G)  =  A 
for  every  bj  G  B2  and  p  =  N{B).  Hence,  Y7j=i  N{Abj{G))  =  dim{D{A)  ®D(S))  and 

Cg  =  {An<  B  >)U{<  A>  nB)  =  C. 

Therefore  if  G  is  a  complete  bipartite  framework  this  theorem  gives  the  same  result 
as  the  theorem  of  Bolker  and  Roth. 

Obviously,  not  every  realization  of  every  bipartite  framework  has  the  above 
property.  In  fact  one  should  note  that  having  a  complete  bipartite  spanning  sub- 
framework  is  dependent  upon  the  realization.  For  example,  let  G  be  the  framework 
obtained  by  removing  the  two  bars,  {ai,bi}  and  {02,62}  from  Ku  realized  in  the 
plane.  Furthermore  assume  that  the  set  A  has  no  three  points  collinear  and  the  set 
B  has  no  three  points  coUinear.  One  can  easily  check  that,  for  this  realization,  G  has 
no  complete  bipartite  spanning  subframework.  On  the  other  hand,  if  G  is  realized  so 
that  B  is  collinear,  then  there  is  a  complete  bipartite  spanning  subframework.  Simply 
choose  Bi  =  {63, 64}. 
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Now,  we  answer  the  question:  Does  Corollary  3.2.4  yield  the  proper  dimen- 
sion of  the  stress  space  for  frameworks  not  satisfying  its  conditions?  The  next  two 
examples  give  both  a  case  when  a  framework  G  has  no  complete  bipartite  spanning 
subframework  and  Corollary  3.2.4  does  not  yield  the  proper  dimension  and  a  case 
when  a  different  realization  of  G,  still  having  no  complete  bipartite  spanning  sub- 
framework,  has  Corollary  3.2.4  yielding  the  proper  dimension. 

As  above,  let  G  be  a  framework  obtained  by  removing  the  two  bars  {ai,6i} 
and  {a2)^'2}  from  realized  in  the  plane.  Furthermore  let  the  joints  of  G  be  in 
generic  position.  First,  we  note  that  every  joint  6  e  B  is  connected,  via  bars,  to  at 
least  three  joints  of  the  set  A  and  in  this  realization  any  three  joints  of  A  span  the 
plane.  Similarly,  every  joint  of  A  is  connected  to  at  least  three  joints  of  the  set  B. 
Hence  we  have  Cg  AVJ  B  and  therefore  dim(D(GG  0  Co))  —  2.  From  this  we 
would  hope  dim{Im{T)a)  =  2.  However,  one  can  check,  using  the  computer,  that 
this  realization  has  dim{lTn{T)a)  —  1. 

Now,  assume  that  G  is  realized,  as  seen  in  figure  3.2,  where  we  still  have  no 
three  points  of  the  set  A  or  of  the  set  B  being  coUinear,  the  points  {ai,  03, 04, 62,  h,  h} 
are  on  one  conic,  and  the  points  {02, 03, 04, ^ii, &3,  ^4}  are  on  a  different  conic.  Then, 
as  above,  we  still  have  Cg  =  AuB,  dim{B{CG  'Si  Cg))  =  2,  and  we  will  now  show  in 
this  case  we  have  dim{Im{r)G)  =  2. 


^1 


Figure  3.2:  Special  Realization  of  Ku 
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Theorem  3.2.5.  Let  G  be  a  framework  obtained  by  removing  the  two  bars  {ai,6i} 
and  {02,62}  from  Ku-  Furthermore  consider  the  realization  of  G  where  the  joints  of 
G  lie  in  the  plane  as  seen  in  figure  3.2.  Then  dim{Im{T)G)  —  2. 
Proof.  Choose  {wi,W2}  to  be  a  basis  for  D(Cg  ®  Co),  where 

and  1^2  =  {yai,0,ya3,ya4^^,yb2,yb3,yb4)-  We  have  chosen  wi  to  be  the  coefficients  of 
the  obvious  conic  dependence  of  the  set  of  points  {02,03,04,61,63,64}  and  W2  to  be 
the  coefficients  of  the  obvious  conic  dependence  of  the  set  {01,03, 04, 62, 63, 64}.  Now 
we  will  construct  two  independent  stresses  of  the  framework  G,  and  such,  that 
t(A')  =  Wi  for  i  =  1, 2.  We  will  use  the  technique  sketched  after  Lemma  3.1.3  together 
with  Lemma  3.1.1.  Define  in  the  following  way:  For  each  o  G  A  assign  A^^^  =  0. 
Similarly  for  each  b  G  B  assign  A^a26  =  0.  Now  for  i  =  1,3,4  define  the  remaining 
elements  of  A^  so  that 

4 

We  can  do  this  since  {62, 63, 64}  span  the  plane.  Now  invoke  Lemma  3.1.1  to  see  that 
A^  is  in  fact  a  stress  of  G  with  the  property  that  r(A^)  =  wi.  Now  similarly,  for  each 
a  e  A  define  A^^^  =  0  and  for  each  b  e  B  assign  A^^j  =  0.  Now  define  the  remaining 
entries  of  A^  so  that  for  i  =  1, 3, 4  we  have 

4 

Obviously  A^  and  A^  are  independent,  hence  we  conclude  that  for  this  realization  of 
G  we  have  dim{Im{T)G)  =  dim{p{CG  ®  Co))-  ■ 
Alternatively,  there  are  some  frameworks  for  which  Corollary  3.2.4  applies  to 
all  but  a  few  very  special  realizations.  For  example,  if  we  let  G  =  ^^44  in  the  plane 
with  only  the  bar  {01,61}  removed,  then  every  realization  of  G  with  distinct  points, 
such  that  61  is  not  an  isthmus  of  B,  has  a  complete  bipartite  spanning  subframework. 
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Therefore  we  can  calculate  the  dimension  of  the  stress  space  for  G  in  any  of  these 
realizations.  For  example,  if  the  points  of  G  are  in  generic  position,  then  Cq  =  AUB. 
By  Corollary  3.2.4  if  we  let  Bi  =  {b2,h,b4}  we  know  dim{^G)  =  N{Ai,^{G))  + 
dirrm{CG®CG)  =  0  +  2  =  2.  Using  our  knowledge  of  D(C7g  ®Cg)  and  N{Ai,^{G))  we 
can  use  Corollary  3.2.4  to  predict  the  realizations  for  which  Q,g  would  change.  For 
instance,  if  all  the  points  of  Cq  fall  on  a  circle,  then  we  still  have  N{Ai,^)  —  0  but 
now  dim{p{CG  ®  Cg))  =  3. 


Theorem  3.3.1.  Let  G  he  a  bipartite  framework  with  a  complete  spanning  bipartite 
subframework.  Let  Gi  be  a  framework  obtained  by  removing,  from  G,  any  bar  {a,  b} 
where  b  is  an  isthmus  of  Ba{G).  Then 

dim{QGi)  -  dim{ker{T)G)  +  dim{I]>{CGi  ®  C'cJ)- 
Proof  We  begin  by  showing  dim{Im{T)Gi)  =  dim{IS>{CGi  (8)  CgJ).  Let 

We  will  show  that  there  is  A  €  Qgi  such  that  r(A)  =  w.  We  know  from  the  definition  of 
Cg  that,  for  each  6  €  ^2  we  have  -jbb  G<  At){Gi)  >.  Hence,  we  can  choose  coefficients 
Xab  such  that  ^„Aa(,a  =  756  with  Xat,  =  0  for  all  a  ^  Ai,{Gi).  Note  that,  for  each 
a  e  A,  if  a,  bar  {a,  b}  was  removed  from  G,  then  b  was  an  isthmus  of  Ba{G).  Therefore, 
Ba{Gi)  n  5i  is  a  basis  for  <  Ba{Gi)  >.  Hence,  EfieB^ -^ab^  e<  Ba{Gi)  n  Bi  >. 
Furthermore,  p^a  €<  Ba{G])  >=<  Ba{Gi)  n  Bi  >  for  every  a  e  A.  Therefore,  we 
can  choose  Xab  for  b  G  Ba{G\)  n  Bi  such  that 


3.3    Other  Realizations 


beB2 


which  may  be  rewritten  to  obtain 
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where  =  0  if  6  ^  Ba{Gi).  Now  invoking  Lemma  3.1.1,  we  conclude  that  A  G  f^c 
with  the  property  that  r(A)  -  w  ^  ©(Cg,  <8)  CgJ.  Hence  D(Cgi  ®  C'cJ  C  Im{T)G^. 
Furthermore,  from  Lemma  3.1.3,  we  know  Im{r)Gi  C  ©(Cgi  ®  CgJ-  Hence, 

dim{Im{T)Gi)  =  dim{lD){CG,  ®  CgJ). 

Next  we  show  dim{ker{T)Gi)  =  dim{ker{T)G)-  From  Lemma  3.1.2  we  know 
ker{T)Gi  C  ker{T)G-  Let  A  G  ker{T)G-  Hence  every  row  of  A  G  D(5).  Now,  for  each 
G  G  ^,  if  ^  Ba{Gi),  and  6  G  Ba{G),  then  6  is  an  isthmus  of  Ba{G).  Therefore,  b 
must  not  be  involved  in  any  dependence  of  Ba{G).  Hence,  Xab  =  0.  We  may  now 
conclude  that  A  G  A;er(r)G,-  Hence  every  element  of  ker{T)G  is  also  in  ker{T)Gi  as 
required.  ■ 

Using  this  theorem  we  get  the  following  corollaries  about  seemingly  different 
realizations. 

Corollary  3.3.2.  Let  G  be  a  bipartite  graph  with  the  bars 

bj^ ,  cii2  bj^ ,  Qjj  fejg , . . . ,  Oj,  6jj 
removed  from  the  complete  bipartite  graph.  If  bj^,bj2,bj^,  ...bj^  are  isthmuses,  then 

dim,{VtG)  =  dim(p{A)  (g)D(B))  +  dimn{CG  ®  Cg). 

Proof.  Since  bj^,bj^,bj^,  ...,bj^  are  isthmuses  of  S,  they  are  also  isthmuses  of  Ba{G) 
for  every  a  ^  A.  Therefore,  by  Theorem  3.3.1,  we  have 

dim{UG)  =  dim{ker{T)K„J  +  diTn!D>{CG  ®  Cg), 

which  is  the  desired  result.  ■ 

Corollary  3.3.3.  Let  G  be  a  bipartite  graph  with  one  of  the  vertex  sets  independent. 
Then  dim{QG)  =  dim,{B{CG  <S>  Cg)) 

Proof  Note  that  every  element  of  the  independent  set  is  an  isthmus.  Hence  the  result 
follows  immediately  from  Corollary  3.3.2.  ■ 
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Corollary  3.3.4.  Let  G  be  a  bipartite  graph.  Let  Bi  —  {61, 62,  ^3,  ftp}  C  B  be 
a  basis  of  <  B  >.  Let  G2  be  a  framework  obtained  in  the  following  way.  For  every 
a  £  A  and  each  b  ^  B\,  if  {a,  6}  ^  G,  remove  all  the  bars  of  the  form  {a,x}  with 
X  ^  B2  —  B  —  Bi  from  G.  Now  let  Gi  be  a  framework  with  only  the  bars  of  the  form 
{a,  b}  removed  if  {a,  b}  ^  G2  and  b  ^  B2  from  A'mn-  Then 

dim{Q.G^)  =  dim{ker{T)Gi)  +  dzm(D(CG2  ®  C'ca)) 

Proof.  If  we  think  of  obtaining  the  framework  G2  from  Gi  by  removing  the  appropri- 
ate bars  from  Gi,  then  this  is  a  direct  corollary  of  Theorem  3.3.1.  ■ 
The  following  corollary  calculates  dim{^}G)  for  all  realizations  of  a  particular 
class  of  frameworks. 

Corollary  3.3.5.  Let  G  be  the  bipartite  graph  obtained  by  removing  bars  from  Kmn 
all  incident  at  one  vertex  b  ^  B. 

(1)  Ifb  is  an  isthmus  of  B  then 

dimiSlo)  =  dim{B>{A)  0D(5))  +  dirnD{CG  0  Cq). 

(2)  Otherwise, 

dimiQa)  =  N{A)N{B)  -  N{A)  +  A^(A(G'))  +  dimB{CG  <S>  Cg). 

Proof.  First,  assume  b  is  an  isthmus  of  B.  Then  G  satisfies  the  conditions  of  Theorem 
3.3.1.  Since  no  other  bars  have  been  removed,  we  are  done. 

Assume  now  that  b  is  not  an  isthmus  of  B.  Hence  there  exists  a  basis,  Bi  C 
B  —  {b},  of  <  B  >.  Therefore  G  satisfies  the  conditions  of  Corollary  3.2.4,  from  which 
the  desired  result  follows.  We  note  that  in  this  case  for  each  x  e  B2  -  {b}  we  have 
AxiG)  -  A.  Hence 

A,{G)  =  N{A)N{B)  -  NiA)  +  N{A,{G)). 
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There  are  some  interesting  frameworks  which  fall  into  this  class.  In  particular, 
let  G  be  a  framework  obtained  by  removing  the  one  bar{ai,  61}  from  K55  realized  in 
3-space.  Techniques  of  White  and  Whiteley  [16],  called  pure  conditions,  will  tell  us 
that  G  has  a  stress  if  all  the  joints  of  fall  on  a  quadric  surface.  From  Corollary 
3.3.5  we  see  that  G  has  a  stress  if  61  (or  oi)  is  an  isthmus.  Alternatively,  if  61  is  not 
an  isthmus,  then  dim{ker{T)o)  —  0;  and  in  generic  position  rfiim(D(CG  <E)  C'g))  =  0 
unless  the  the  joints  of  ii'ss  fall  on  a  quadric  surface.  But  Corollary  3.3.5  gives  more 
information.  For  instance,  if  61  and  Oi  are  not  isthmuses  and  if  more  than  6  points  of 
Cg  are  coplanar,  then  there  is  a  stress.  Furthermore,  for  each  particular  realization 
of  G  we  can  calculate  the  exact  dimension  of  the  stress  space  of  G. 


Figure  3.3:  Special  Realization  of  /i'54 


The  following  is  an  interesting  example  of  a  framework  G'  obtained  by  remov- 
ing the  bar  {ai,6i}  from  K^/^.  Choose  the  following  reahzation.  Let  the  set  of  points 
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{03,04,02,^35^4}  be  coplanar  and  the  set  {03,04,05,62,61}  also  be  coplanar  as  seen 
in  figure  3.3.  Now  choose  oi  so  that  [oi 626364]  7^  0.  In  this  realization  we  see  that 
\Ca'\  =  8  and  dim{<  Cc  >)  =  3,  namely  the  point  oi  ^  Cq'-  In  general,  for  eight 
points,  not  coplanar,  we  have  dim(J^{CG  O  Co))  =  0,  but  in  this  case  we  will  show 
dim(J]){CG  ®  Cg))  —  1-  To  see  this  let  x  be  any  other  point  on  the  line  spanned 
by  03  and  04.  Now,  clearly  the  sets  {64, 63, 02, 03, 04,  x}  and  {03,04,62,61,05,0:}  are 
conically  dependent  in  the  plane.  Hence  there  are  coefficients  jii  such  that 

X®X  =  ^164  (S>  64  +  /i263  (g)  63  +  /i3a2  ®  02  +  ^403  <8)  03  +  /X5a4  (g)  04. 

Similarly,  there  are  coefficients  r^j  such  that 

x®x  =  771O3  0  03  +  7/2^4  ®  ai'qzh2  (8)  62  +  77461  (8)  61  +  7^505  ®  05. 

Using  the  above  two  equations  eliminate  x^x  and  acquire  a  conic  dependence  on  Cq'- 
One  can  show  that  for  this  realization  dim{ker{T)G)  =  0.  Hence  this  is  an  example 
of  a  realization  of  G'  which  has  a  stress. 

Theorem  3.3.6.  Let  oi  G  ^  and  by  e  B  such  that  oi  is  not  an  isthmus  of  A.  Let  G 
he  a  framework  obtained  by  removing  the  bar  {01,61}  and  any  arbitrary  set  of  other 
bars  incident  to  Oi  or  to  61  from  Kmn- 

1.  If  bi  is  not  an  isthmus  of  B,  then 

dimiQc)  =  dimB{CG®CG)  +  {N{A)  -  l)iN{B)  -  l)  +  N{Ab,{G))  +  N{Ba,{G)). 

2.  If  bi  is  an  isthmus  of  B,  then 

dimi^c)  =  dimD{CG  ®  Cg)  +  N{A)N{B)  -  N{B)  +  N{Ba,  (G)). 

Proof  We  begin  with  the  following  definitions.  Let  G  be  obtained  by  removing  the 
following  two  sets  of  bars: 

Bi  =  {oi6i,ai6j2,  ...Oi6iJ 
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and 


B2  =  {aj^bi,aj^bi,...,aj^bi} 


from  Kmn-  Furthermore  define  Gi  to  be  the  framework  obtained  by  removing  just 
the  set  Bi  from  Kmn  and  define  G2  to  be  the  framework  obtained  by  removing  just 
the  bars  of  B2  together  with  the  bar  {ai,  bi}  from  Kmn- 

First  we  will  prove  statement  1.  Assume  61  is  not  an  isthmus.  We  start  with 
Im{T)G-  Let  (pa,  ■•■,76,  ■••)  ^  ^{Cg  ®  Co)-  Choose  a  basis  Ai  c  A  -  {ai}  of  <  >1  > 
and  a  basis  Bi  C  B  -  {bi}  oi  <  B  >.  By  the  definition  of  Cq  we  know,  for  every 
b  £  B2  —  B  —  Bi  there  are  coefficients  Xab  such  that 


where  we  choose  Aa6  =  0  if  a  ^  Ab{G). 

First  define  the  entries  Am  6  for  b  e  Bi.  Again  by  the  definition  of  Co  we  know 
there  are  coefficients  i^aib  such  that 


We  would  like  the  coeflficients  Uaib  to  be  the  first  row  of  A,  but  Xa^t  for  b  ^  B2  have 
already  been  defined.  We  modify  these  current  values  of  A  in  the  following  way:  Since 
ax  is  not  an  isthmus  there  is  a  dependence  w  G  D(>1)  such  that  =  1.  Now  add 
the  column  vector  {va^b  —  Xa^b)'^  to  each  column  indexed  by  6  G  B2.  Hence  we  have 
Xaib  =  ^aib  for  every  6  €  ^2.  Finally,  for  each  b  ^  Bi  let  Xa^b  =  i^ait- 

Now,  as  in  previous  theorems,  we  may  assign  the  values  Xab  to  the  remaining 
undefined  entries  of  A  so  that  for  every  a  E  A  —  {ai}  we  have 


beB 

Finally,  A  satisfies  the  conditions  of  Lemma  3.1.1  and  may  conclude  that  the 

dim{Im{T))  =  dimIS>{CG  ®  Cg). 
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In  calculating  dim{ker{T)G),  let  Gi  and  G2  be  denoted  as  above.  Using  the 
definition  of  ker{T)G  we  see  ker{r)G  =  ker{T)G,  n  ker{T)G^.  We  note  that  both  Gi 
and  G2  satisfy  the  conditions  of  Theorem  3.2.2.  Hence  we  can  show  that  ; 

dim{keT{T)G,)  =  N{A)N{B)  -  N{A)  +  iV(A,(G2)) 

■i 

and  dim{ker{T)G,)  =  N{A)N{B)  -  N{B)  +  N{Ba,{Gi)).  In  addition,  we  will  show  : 
dim{<  {ker{T)Gi)  +  {ker{T)G^)  >)  =  N{A)N{B)  -  1.  We  start  by  choosing  the 
following  basis  for  D{A)  (g)  IS>{B):  For  each  element  b  e  B2  =  B  -  Bi  let  Wb  = 
(0, 0, 1, 0, //i, /i2,  A^it)  where  the  1  is  in  the  b*^^  position.  Similarly  for  each 
a  e  A2  =  A  -  Ai  define  =  (0, 0, 1, 0, ui,  U2, Uj).  Every  element  (g)  Wf, 
is  either  in  ker{T)G^  or  ker{T)G2  except  for  the  element  (8)  Wbi,  which  has  a  1 
in  the  Cifei  position.  Now,  since  the  set  {cq  (g)  Wf,}  is  a  basis  for  D(^)  (8iD(B)  and 
<  fcer(r)Gi  +  ker{T)G2  >C  I5>{A)  (8)D(B)  we  may  conclude  that 

dim  <  ker{r)G,  +  ker{T)G2  >=  dim{B{A)  ®B{B))  -  1  =  N{A)N{B)  -  1. 

Hence,  we  find  dim{ker{T))G  =  {N{A)  -  1){N{B)  -  1)  +  iV(^,(G2))  +  iV(S„,(Gi)). 
Finally,  we  note  that  NiAt,{G2))  =  N{Ab,{G))  and  N(Ba,{Gi))  =  N{Ba,{G)),  which 
brings  us  to  the  desired  result. 

For  part  2  assume  61  is  an  isthmus  of  B.  Except  for  the  row  corresponding  to 
Ci,  G  satisfies  the  conditions  of  Theorem  3.3.1.  We  may  use  techniques  of  Theorem 
3.3.1  to  define  all  the  entries  of  A  except  row  ai.  Again,  since  ai  is  not  an  isthmus 
there  is  a  dependence  of  the  set  A  which  has  a  coefficient  of  1  on  ci.  We  can  use  this 
dependence,  as  in  the  first  part  of  the  proof,  to  define  a  A  which  satisfies  the  conditions 
of  Lemma  3.1.1.  Therefore  we  may  conclude,  in  this  case  also,  that  dim(/m(r)G)  = 
dzm(D(CG  0Cg)). 

Now  we  calculate  dim{ker{T)G)  for  case  2.  Use  Gi  and  G2  as  defined  above. 
Note  that  Lemma  3.1.2  yields  ker{T)G2  C  B{A)  0B{B).  Furthermore,  since  61  is 
an  isthmus,  every  dependence  of  the  set  B  is  zero  on  61.  Hence  every  element  of 
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IS>{A)  <^ID{B)  has  zeros  in  the  column  corresponding  to  61.  Therefore,  D(yl)(8)D(B)  = 
ker{T)G2-  Because  we  also  know  that  A;er(r)Gi  C  I!>{A)  (8>D(5),  we  have 

ker{T)G   =  ker{T)G,  n  ker{T)G2 

=  B{A)  ^B{B)  nker{T)G, 

=  ker{T)Gi 

=  N{A)N{B)-N{B)  +  N{Ba,{Gr)), 

which  is  what  we  wanted  to  show.  ■ 
To  see  how  this  theorem  applies,  we  take  12  points  in  generic  position  in  3- 

space.  Let  G  be  a  framework  obtained  by  removing  the  bars  {ci,  61},  {02,  bi}  ,{03, 61}, 
{O'lih},  {(11,^},  and  {01,64}  from  A'ee-  Since  there  are  no  isthmuses,  the  above 
theorem  applies.  Hence  we  find  Cg  =  {AuB)  —  {oi,  61}.  Thus  dim(D(CG  ^Cg))  =  0. 
Now  dim{ker{T)G)  =  {N{A)  -  1){N{B)  -  1)  +  N{Ab,{G))  +  N{Ba,{G))  =  1.  We 
conclude,  in  generic  position  that  dim{illG)  =  1;  and  hence  the  framework  is  rigid. 
Furthermore  we  conclude  that  if  the  10  points  of  Cg  fall  on  a  quadric  surface,  then 
di'm{lS){CG  (8)  Cg))  =  1  and  consequently  dim{Q,G)  =  2,  which  yields  a  framework 
which  is  not  rigid. 

Theorem  3.3.7.  Let  G  be  a  bipartite  framework  and  denote  by  Gi  a  framework 
obtained  by  removing  one  bar  from  G.  If  dim{Im{T)G)  =  D(Cg  ®  Cg)  and  \Cgi  \  < 
\Cg\  then  dim{Q.Gx)  =  dim{ker{T)G)  +  dimlS){CGi  <SCg,). 

Proof  Assume  dim{Im{T)G)  -  0(Cg  (8>  Cg)  and  [CgJ  <  \Cg\  and  let  {a,b}  be  the 
bar  which  has  been  removed.  Without  loss  of  generality  assume  a  ^  Cgi  but  a  e  Cg- 
Since  a  e  Cg  have  a  e<  Ba{G)  >.  Now,  by  assumption  since  a  ^  Cg^  we  conclude 
a  ^<  Ba{G)  -  [b]  >=<  Ba{Gi)  >  hence  b  is  an  isthmus  of  Ba.{G). 

Let  w  e  D(Cgi  ®  C'gi)  C  D(Cg  ^  Cq).  Because  /m(r)G  =  0(Cg  O  Cg),  there 
is  A  €  ^G  such  that  r(A)  =  w.  Since,  a  ^  Cg^,  we  know  pa  =  0.  Then  the  a^^  row  of 
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A  is  a  dependence  of  the  set  Ba{G).  Because  h  is  an  isthmus  of  Ba{G),  it  must  be  that 
Xab  =  0.  Therefore  A  G  Q.g-  Hence  for  every  element  w  G  ^(Cgj  0  Cgj)  there  exist 
A  G  Clci  such  that  r(A)  =  u;.  Therefore  we  may  conclude  Im{T)Gi  =  -^(^Gi  ®  CgJ- 
A  similar  argument  works  for  showing  ker{T)a^  =  ker{T)G-  It  is  obvious 
that  ker{T)Gi  C  ker{T)G-  Let  a  and  6  be  as  stated  above  and  let  A  G  ker{T)G- 
Again,  the  a^^  row  of  A  is  a  dependence  of  the  set  Ba{G).  Therefore,  as  above, 
Xab  =  0.  Hence  A  G  ker{T)Gi-  Thus  we  have  shown  the  reverse  inclusion  and  that 

ker{T)G^  =  ker{T)G.  ■ 
One  specific  point  Theorem  3.3.7  brings  up  is  a  way  to  go  from  one  frame- 
work G  where  Im{T)G  =  D>(Cg  ®  Cg)  to  another  framework  G'  where  Im{T)G'  — 
]D)(Cg'  ®  Cg>)  by  removing  a  specific  bar.  It  also  raises  the  following  question:  Given 
a  framework  G  which  does  not  have  the  property  that  Im{r)G  =  ^{Cg  <S>  Cg)  can  we 
remove  a  bar  or  bars  so  that  the  resulting  framework  G'  is  non-trivial  and  has  the 
property  Im{T)'(.  =  D(C^(8)C^)?  We  answer  this  question  with  an  example.  Let  G  be 
the  framework  looked  at  earlier  which  is  obtained  by  removing  the  two  bars  {ai,6i} 
and  {02, 62}  from  the  complete  bipartite  framework  ii'44  realized  in  the  plane  in  generic 
position.  We  have  already  noted  that  for  this  realization  /m(r)G  ^  D(Cg(8)Cg).  Yet, 
if  we  remove  one  extra  bar  {02, 61}  to  obtain  the  framework  we  call  G'  we  see  that  G' 
satisfies  the  hypotheses  of  Corollary  3.3.4.  Hence  Im{T)G'  =0(Cg'  ^Cg')- 
Theorem  3.3.8.  Let  G  be  obtained  from  Kmnby  removing  the  bar  {a,  6}.  Then 

dim{ker{T)G)  =  dim{ker{T)K^^) 

if  and  only  if  either  a  is  an  isthmus  of  A  or  b  is  an  isthmus  of  B. 
Proof  Assume  ker{T)G  =  ker{T)K^^  =  B{A)  (8>D(B).  Then  for  every  A  G  B{A)  ^ 
]D>{B)  we  have  Xab  =  0.  We  show  this  implies  that  one  of  a  or  t  is  an  isthmus.  Assume 
a  is  not  an  isthmus  of  A  and  b  is  not  an  isthmus  of  B.  Then  there  exists  w  G  B{A) 
with  Wa^O  and  there  exists  e  G  D{B)  with  Cb  ^  0.  Consider  u;  (g)  e  G  B{A)  0  D(5) 
and  note  that  {w  0  e)ab  7^  0,  a  contradiction. 
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Conversely,  without  loss  of  generality,  assume  that  a  is  an  isthmus.  Then  every 
element  w  G  IS){A)  has  Wa  =  0;  hence  every  element  A  e  D(>1)  0  B{B)  has  Xab  =  0. 
Therefore  ker{T)o  —  ker{T)K„„-  ■ 
Theorem  3.3.9.  Let  G  he  obtained  from  Kmnby  removing  the  one  bar  {a,  6}.  Then 
dim[Im{T)Q)  =  diTn{Im{T)Kmn)     ^'^^  o'^^?/  ^/  either 

(1)  Co  - 
or 

(2)  \Cg\  <  iCxmnl  elements  of  Cxmn  ~       o,re  conic  isthmuses. 

Proof.  Using  Corollary  3.3.5  we  know  dim{I'm{T)G)  =  dim(p{CG  ^  Co))-  Further- 
more, using  Bolker  and  Roth's  result  we  know 

dim{Im{T)K^^)  =  dim{ID{C  ®  C)). 

Therefore,  dim{Im{T)G)  =  dim{Im{T)K„n)  if  ^i^d  only  if 

dim{B{CG  ®  Cg))  =  dim(D(CK_  ®  C/,_)). 

Now,  since  Cg  C  Ck„„,  we  know  that  D(Cg  ®  Cg)  C  D(Ck„„  0  C^^n)-  We  get 
equality  if  and  only  if  either  \Cg\  =  l^i^^^l  or  the  points  of  Cxmn  ~  are  not 
involved  in  any  dependence  and  hence  are  conic  isthmuses.  Therefore  the  theorem  is 

proved.  ■ 
The  following  two  similar  realizations  of  the  framework  G  obtained  by  remov- 
ing the  one  bar  {ai,  61}  from  the  framework  K43  realized  in  the  plane  illustrates  how 
Theorem  3.3.9  identifies  redundant  bars.  First,  let  G  be  realized  as  seen  in  figure  3.4. 
Note  that  61  ^<  Ai(C)  >,  hence  61  ^  Cg-  Furthermore,  notice  that  if  C  =  AU  B 
then  dim{I]>{C  0  C))  =  1.  We  also  see  that  Cg  =  {01,02, 03, 04, 62, 63}  C  C  falls  on  a 
conic  hence  dim{Bi{CG  <8i  Cg))  =  1  hence  61  is  a  conic  isthmus.  Therefore  Theorem 
3.3.9  tells  us  that,  for  this  realization,  we  can  remove  any  bar  incident  to  61  whose 
removal  changes  Cg  by  exactly  the  point  61  and  not  change  the  dimension  of  Im{T)G. 
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Figure  3.4:  Special  Realization  of  K43 

Rather,  notice  if  we  select  the  realization  seen  in  figure  3.5  we  obtain  a  very 
similar  looking  framework  G.  We  have  only  interchanged  Oi  and  04  which  did  not 
change  dim{<  A  >)  ov  dim{<  B  >).    Moreover  observe  it  is  ai  which  in  not  in  the 


Figure  3.5:  Special  Realization  of  K43 

span  of  Ba^{G),  hence  Cg  =  {02,03,04,61,62,63}-  Therefore  Cg  consists  of  6  points 
in  the  plane,  which  are  not  on  a  conic,  thus  not  conically  dependent.  Accordingly  we 
find  dim{Im{T)G)  =  dim{B{CG  0  Cq))  =  0. 

Theorem  3.3.10.  Let  Gi  be  the  framework  obtained  by  removing  the  bar  {ai,6i} 
from  Kmn  and  let  G2  be  the  framework  obtained  by  removing  the  bar  {02,62}  from 
Gi.  Then  dim{ker{T)G^)  =  dim{ker{T)G2)  o-^d  only  if  at  least  one  of  the  following 
happens: 
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1.  ker{T)a^  is  trivial. 

2.  02  or  62  is  an  isthmus. 

3.  Neither  ai  nor  hi  is  an  isthmus,  ^  —  {01,02}  is  contained  in  a  hyperplane  of  <  A>, 
and  B  —  {61, 62}  is  contained  in  a  hyper-plane  of  <  B  >. 

Proof.  Assume  ker{T)Gi  =  A;er(r)G2-  This  would  happen  if  fcer(r)Gi  =  {0}.  Hence 
assume  ker{T)Gi  /  {0}.  We  know  that  every  A  G  ker{T)Gi  has  Xa^bi  =  0.  We  also 
know,  by  the  above  assumption,  that  every  A  G  ker{T)Gi  also  has  Xa2b2  =  0.  Clearly 
this  would  happen  if  02  was  an  isthmus  of  A  or  62  is  an  isthmus  of  B. 

Now  assume  neither  02  nor  ^2  are  isthmuses  of  A  and  B  respectively  and 
A;er(r)Gi  is  not  trivial.  First  we  show,  in  this  case,  that  neither  ai  nor  bi  are  isthmuses. 
Assume  Oi  is  an  isthmus.  Since  neither  nor  62  are  isthmuses  one  can  easily  construct 
an  element  A  G  ker{T)Gi  which  has  the  property  that  Aa^tj  ^  0.  Hence  A  ^  ker{T)G2 
which  contradicts  our  original  assumption.  Thus  we  may  conclude  that  ai  is  not  an 
isthmus.  A  similar  argument  will  show  61  is  not  an  isthmus.  Therefore  we  are  in 
the  case  when  ker{T)Gi  is  not  trivial  and  none  of  02,  62,  0,1,  nor  b\  are  isthmuses. 
Hence  we  need  only  to  show  yl  —  {ai,  02}  is  contained  in  a  hyperplane  of  <  ^  >  and 
B  —  {61, 62}  is  contained  in  a  hyperplane  of  <  B  >. 

We  show  this  by  way  of  contradiction.  Assume,  without  loss  of  generality  that 
A  —  {ai,  02}  is  not  contained  in  a  hyperplane  of  <  v4  >.  Hence  there  is  a  basis  Ai  C  A 
of  <  v4  >  which  does  not  contain  either  of  the  points  ai  or  02.  Therefore,  there  exists 
an  element  w  G  D(^)  such  that  =  0  and  =  1.  Furthermore,  since  62  is  not 
an  isthmus  there  exists  an  element  e  e  IS>{B)  such  that  ^  0.  Hence,  X  =  w  ^Si  e 
has  the  property  that  Xa^ti  =  0  so  A  G  ker{T)G^.  Moreover,  Aa262  7^  0  consequently 
A  ^  ker{T)G2,  which  contradicts  the  assumption  that  ker{T)Gi  =  ker{T)G2- 

Conversely,  the  conclusion  obviously  follows  if  ker{T)G^  is  trivial.  On  the  other 
hand,  assume  A;er(r)Gi  is  not  trivial  and  02  is  an  isthmus.  Then  for  every  element 
A  G  D(>1)  (g)  D(5)  we  have  A^^fi^  =  0.  Since  ker{T)G,  C  D(^)  ®  D(5)  then  every 
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element  of  A  e  ker{T)G,  has  Xa^b2  =  0.  Thus  ker{T)G^  =  ker{T)G2-  The  result  follows 
similarly  in  the  case  when  62  is  an  isthmus. 

Now  for  the  final  case,  assume  that  A;er(r)Gi  is  not  trivial  and  neither  02  nor  62 
are  isthmuses.  Furthermore,  assume  that  neither  ai  nor  bi  are  isthmuses,  A  —  {ai,  02} 
is  contained  in  a  hyperplane  of  <  A  >  and  B  -  {fei,  62}  is  contained  in  a  hyperplane 
of  <  B  >.  Hence,  we  my  pick  a  basis  Ai  C  A  for  <  A  >  which  includes  02  and 
not  ai.  Similarly,  we  can  pick  a  basis  Bi  C  B  for  <  B  >  which  includes  62  and 
not  61 .  Now  we  can  choose  a  basis  A  of  lSi{A)  so  that  there  is  exactly  one  element 
w  e  IS){A)  with  both  ^  0  and  ^  0  namely  a  dependence  which  comes  from 
writing  ai  as  a  linear  combination  of  the  elements  of  Ai.  Because  A  —  {01,02}  is 
contained  in  a  hyperplane  of  <  A  >,  we  note  that  for  every  rj  e  A  —  {w},  we  have 
%j  =  0  and  T]a2  =  0.  Likewise,  we  can  find  a  similar  basis  B  of  D(5).  The  set  A^SiB 
is  a  basis  for  B>{A)  ®  B{B)  which  only  has  one  element  A  which  has  Xa^b^  ^  0  and 
■^0262  7^  0-  Furthermore,  every  element  ^xe  A<^B  -  {A}  has  Ha^bi  =  0  and  ^azbi  —  0. 
Therefore  fi  G  A;er(r)Gj  and  fi  G  ker{T)G2-  Hence  we  conclude,  in  this  final  case, 
ker{T)G,  =  ker{T)G2-  ■ 
Theorem  3.3.11.  Let  Gi  andG2  be  denoted  as  above  in  Theorem  3.3.10,  then 
Im{T)G2  —  If^{'^)Gi  if  o-nd  only  if 

1.  Im{T)G2  =  ^{Cg2  ®Cg2)  and 

2.  D(Cg.  (8)  CgJ  -  D'(Cg2  ®  CG2). 

Proof  Assume  Im{T)G^  =  Im{T)G2-  Furthermore,  assume  that 

/m(r)G2/lD)(CG,  ®Cg2). 

Now  dim{B{CG2  ®Cg2))  <  dim{B{CG,  OCgJ)  and  /m(r)Gi  =  0(Cg,  ®CgJ.  Since, 
by  Lemma  3.1.3,  we  know  Im{T)G2  C  ©(Cgj  ®  Cgz)  we  have, 

dim{Im{T)G2)    <  dim{B{CG2  ®  C'gz)) 
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<  dim{B{CG,  ^  Cg,)) 
=  dim{lTn{T)Gi 

which  is  a  contradiction.  Hence,  it  must  be  that  Im[T)G2  —  ^ipGi  ®  Cq^)-  Now 
condition  2  is  obvious,  as  is  the  converse.  ■ 


CHAPTER  4 
GENERAL  RESULTS 

4.1    The  Kernel 

In  general,  we  would  like  to  answer  the  following  question:  Given  any  realiza- 
tion of  a  bipartite  framework  G  what  is  the  dimension  of  fig?  To  this  end,  we  restate 
Lemma  3.L2  and  Lemma  3.1.3.  We  know  for  any  realization  of  a  bipartite  framework 
G  that  ker{r)G  C  B{A)  ^B{B)  and  /m(r)G  C  D(Cg  ®  Co).  In  fact 

ker{T)G  =  {A  e  B{A)  (g,B{B)\Xab  =  0  if  {a,b}  ^  G}. 

We  try,  again,  to  tackle  this  problem  in  two  parts.  We  begin  by  looking  at  ker(T)G- 
First,  we  use  use  Theorem  3.2.2  to  get  a  slightly  better  upper  bound  on 
dim{ker{T)G)- 

Theorem  4.1.1.  Let  G  he  a  bipartite  framework  which  is  obtained  by  removing  I 
bars  from  the  complete  bipartite  framework  Kmn-  Furthermore,  choose  a  basis  B\  = 
{6p+i,  6p+2, 6p+3, 6„}  C  B  for  <  B  >.  Define  G'  to  be  a  framework  obtained  from 
K-mn  by  removing  the  same  bars  removed  to  obtain  G,  except  those  of  the  form  {a,  b}, 
where  b  e  Bi.  Then 

p 

dim{ker{T)G)  <Y,N{At^{G')). 

Proof.  Clearly  ker{T)G  C  ker{T)G'-  Now  we  simply  use  the  formula  from  Theorem 
3.2.2  to  reach  the  desired  result.  ■ 
At  this  point,  it  will  be  to  our  advantage  to  write  s  (8)  Hn  the  following  way: 
Given  an  m-tuple  s  and  an  n-tuple  t  we  will  write  s^t  as  a,n  mn-tuple  in  some  fixed 
order. 
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Theorem  4.1.2.  Let  G  be  a  framework,  which  is  obtained  by  removing  the  set 

B  =  { {cij ,  fej, } ,  {ai^ ,  bj^ },  {aj3 ,     },...,  {ai, ,    } } 

of  I  bars  from  Kmn-  Then  dim{ker{T)G)  =  dim{B{A)  (8)D(B))  -  /  if  and  only  if  there 
exist  a  basis  V  =  {wi,W2,W3,  ...,wi,wi+i,  ...,Wp}  o/D(>l)  (8)D(fi)  such  that  for  each 
k  =  1,2, 3, /  we  have  a  one  in  the  ai^bj^  position  of  Wk  and  a  zero  in  the  positions 
of  Wk  associated  with  the  bars  of  B  —  {{o-iki^jk)}- 

Proof.  First  assume  there  exist  a  basis  V  with  the  property  stated  above.  Since  we 
know  that  ker{T)G  is  the  subspace  of  D(yl)(8)D(5)  with  zeros  in  the  entries  associated 
with  the  bars  of  B  we  see  that  ker{T)G  CiV  =  Hence 

dim{ker{TG))  <  dim{D{A)  ^B{B))  -  I. 

Now,  clearly,  for  each  element  Wk  E  V  with  k  =  1,2, 3,  ...,p  —  I  there  are  coefficients 
aii^,a2^,a3i^,  ...,aii^  such  that 

I 

Uk  =  wi+k  -^at^wt  e  ker{T)G. 

We  claim  =  {ni,  712,  na,  ...np_/}  is  independent.  Assume  there  are  coefficients 
J^i,^2,i^3,     ^p-i  such  that 

^  VkUk  =  0. 

Therefore  we  would  have 

p-l  I 

0  =  X]  M'^i+k  -  XI  (^h'^t)- 
fc=i  t=i 

Hence,  expanding  the  two  summations  and  distributing  the  u^^  we  see  this  reduces 
to 

P-l  p-l  I 

k=l  k=\  t=\ 

Now,  if  we  switch  the  order  of  summation  and  write 

P-l 

X  ^kOit,  =  Ct 
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we  have, 


p-i 


f=l 


Since  {wi,  W2,  ...Wp}  is  independent  we  find  for  eacfi  =  1, 2, 3,  ...,p-l  we  have  Uk  =  0. 
From  this  we  conclude  A'^  is  independent. 

Conversely,  choose  a  basis  V  =  {wi,W2,W3,  ...,Wp}  of  D(A)  (8)D(B).  Let  M 
be  the  matrix  whose  columns  are  the  coordinates  of  the  elements  of  V.  Hence  M 
has  its  columns  indexed  by  the  elements  of  V  and  its  rows  indexed  by  the  bars  of 
the  complete  bipartite  framework  Kmn-  Order  the  rows  so  that  the  elements  of  B  are 
the  first  /  rows.  Since  we  know,  by  assumption,  removing  the  /  bars  of  B  causes  the 
dimension  of  D(^)  (g)  D(5)  to  decrease  by  /,  then  there  exists  a  nonzero  /  x  /  minor 
among  its  first  /  rows  of  M.  Choose  the  /  columns  corresponding  to  the  nonzero  minor 
and  column  reduce  them  to  obtain  the  appropriate  basis.  ■ 

Starting  with  a  bipartite  framework  G,  which  is  obtained  from  the  complete 
bipartite  framework  Kmn  by  removing  /  bars  ei,  62, 63, e;  from  Kmn  we  would  Hke 
to  answer  the  question:  When  does  there  exist  a  basis  of  D(^)  (8)D(B)  which  satisfies 
the  conditions  of  Theorem  4.1.2? 

In  the  previous  proof  we  constructed  a  matrix  M  whose  columns  are  the  coor- 
dinates of  the  elements  of  a  basis  for  D(A)  (8)D(i?).  To  attempt  to  answer  the  above 
question  we  will  need  some  more  notation.  Let  pa  =  dim{I!){A))  and 


/  an 

ai2 

••     «1P4  \ 

0(21 

OL22 

Q!32 

"33  • 

..  a3p^ 

\  Q!ml     0Lm2  OLmZ 


mpA 
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where  the  columns  of  P  form  a  basis  for  D(>1).  Similarly,  let  pb  =  dim{B{B))  and 

Pl3  ■■■  PlpB 
023  •••  02pB 
033     ■■■  03pB 

Pn3     ■■■    PnpB  / 

where  the  columns  of  Q  form  a  basis  for  D(jB).  Now,  define  a  matrix  M  whose  rows 
are  indexed  by  the  bars  and  whose  columns  are  indexed  by  ordered  pairs  of  columns 
of  P  and  Q.  We  choose  the  following  natural  lexocographical  ordering  on  the  columns 
of  M: 

(1, 1)(1, 2)(1,  3)...(1,Pb)(2,  1)(2,  2)(2,  3)...{2,pb)...{pa,  1){pa,  2){pa,  3)...(pa,Pb) 

Now  let  the  entries  of  the  {i,jY'^  column  of  M  are  defined  to  be  the  coordinates  of 
Ci{P)  (8)  Cj{Q).  Choose  a  similar  ordering  on  the  rows  of  M. 

The  columns  of  M  form  a  basis  for  D(>1)  (g)  D(5)  and  doing  any  of  the  matrix 
column  operations  will  not  change  this.  Therefore  our  question  reduces  to:  When 
does  the  /  x  p  submatrix  of  M  composed  of  the  rows  of  M  which  correspond  to  the  / 
bars,  which  are  removed  from  K^n  to  form  the  framework  G,  have  full  rank? 

We  can  see  from  the  construction  of  M  that  every  column  of  M  is  a  tensor 
product  of  a  column  from  P  with  a  column  from  Q.  Hence  we  start  with  the  following 
lemma. 

Lemma  4.1.3.  Let  P,Q,  and  M  be  the  matrices  mentioned  above.  Every  row  of  M 
is  the  tensor  product  of  a  row  from  P  with  a  row  from  Q. 

Proof  We  know  each  column  M  is  a  tensor  product  of  a  particular  column  of  P 
with  a  particular  column  from  Q.  Now  let  M'  be  a  matrix  indexed  as  M  where  the 
{ai,bjY^  row  of  M'  is  given  by  the  coordinates  of  Rai{P)  <Si  Rbj{Q).  Here  we  mean 
Rbj{P)  to  be  the  row  of  Q  associated  with  the  point  bj.  Now  we  compare  M^aibj]{q,r) 


Q 


(011  012 

021  022 
031  032 


\  0nl  0n2 
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with  -^{oift^K^r)  ^^^^ 

This  shows  that  M  =  M',  which  was  our  claim.  ■ 
We  know  that  the  first  /  rows  of  M  have  rank  /  if  and  only  if  the  first  /  rows  are 
independent.  Hence  we  would  now  like  to  answer  the  question:  When  is  a  set  of  tensor 
products  independent?  In  particular,  let  T  =  {xi  ®y\,X2®  y2,  ^3  <Si  ys, Xn  (g)  y„} 
with  X  -  {xi,X2,X3,...,Xn}  C  a  multiset  and  Y  =  {yi, ?/2, 2/3,  yn}  C  such 
that  dim  <  X  >=  r  and  dim  <  Y  >=  q.  Clearly,  if  n  >  rq,  we  know  T  is  dependent. 
The  converse  is  not  necessarily  true.  To  show  this,  we  give  an  example  when  q  =  r 
and  n  —  r  +  r.  Note  that  if  r  >  2,  then  r  +  r  <  r^.  Hence  we  will  have  an  example  T 
is  dependent  yet  n  <  rq.  Let  T  be  as  above  with  dim{{xi,  X2,X3,  ...Xr+i})  =  r  with 
Xr+i  not  an  isthmus  of  X.  Similarly,  let  dim{{yi,y2,y3,  .■.,yr+i})  with  j/^+i  not  an 
isthmus  of  Y.  Then  obviously,  the  set  {xr+i  (S)  yi,Xr+i  <8)  y2,  Xj.+i  (8)  2/3, Xr+\  <S)  j/r+i} 
is  dependent.  Furthermore  the  set  {xi  ®  yr+\,X2  ®  yr+i,X3  (8)  yr+i,  Xr+i  ®  yr+i}  is 
also  dependent.  Hence  there  are  coefficients  rji  and  rji  such  that 

r 
1=1 

and 

r 

Xr+l  <S)  yr+1  =  5^  Vi^r+l  ^  yi 
i=l 

hence 

r  r 

i^i^^i  (8)  yr+1  =  ^  T?i2;r+i  O  yi- 

i=l  i=l 

Now  we  show  that  if  n  <  r  +  q  then  T  must  be  independent. 
Theorem  4.1.4.  LetT  —  {xiiSiyi,X2®y2,X3iSiy3,...,Xn®yn}  with 

X  —  {xi,  X2,  X3, a;„}  C  and 

>^  =  {yi,y2,2/3,-,yn}cr' 
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both  multisets  such  that  dim  <  X  >=  r  and  dim  <Y>=q.  If  n  <  r  +  q  then  T  is 
independent. 

Proof.  Let  T,  X,  and  Y  be  denoted  as  above  and  assume,  without  loss  of  generality, 
that  T  is  minimally  dependent  and  that  n  <  r  +  q.  Furthermore  arrange  the  elements 
of  T  such  that  yi,  1/2,  y3,  Vq  ^orm  a  basis  oi  <Y  >.  Since  T  is  minimally  dependent, 
there  exist  coeffiecients  Vi  such  that 


and  Ui  /  OforalH  =  1,2,3,  ...,n.  For  s  =        g+2,  n  write     =  ELi  7s,i2/i- 

This  will  allow  us  to  rewrite  equation  4.1  in  the  following  way: 

0  =     UiXi  <S>yi  +  U2X2  ®  ?/2  +  i^3^3  (S)  2/3  +  ••■  +  t^qXq  ^  Vq  + 

Using  linearity  of  the  tensor  product  and  grouping  like  terms  we  find 

0  =     [viXi  +  E"=g+1  ^sls\Xl)  0  2/1  +  {V2X2  +  E"=9+l  ^sls2X2)  ®y2  +  -  + 

{^qXq  +  E"=g+1  ^slsqXq)  O  Vq. 

Because  {j/i,  2/2,  ?/3,  2/g}  is  independent  we  may  conclude  [7]  that  for  t  =  1, 2, 3, g 
we  have 


This  impHes  that  every  a;^  e  X  is  a  linear  combination  of  3;g+i,3;,+2,a:,+3,  ...,x„. 
Since  we  have  assumed  n  <  r  +  q,  this  implies  that  every  element  Xi  e  X  can  be 
written  as  a  linear  combination  oi  n  -  q  elements,  which  is  fewer  than  r  elements,  a 


®  2/1  +  ^^-2X2  ®  2/2  +  l^^Xz  0  2/3  +  •••  +  ^T+qXn  ®  2/n  =  0 


(4.1) 


n 


s=q+l 


contradiction. 


Thus,  in  general,  we  may  state  the  following  corollary. 


Corollary  4.1.5.  LetT=  {xi  ®  ?/i,x2  0  ^2,2:3  0  2/3,  •••,2:„  O  2/n}  with 


X  =  {a;i,a;2,X3,  C  V-  and 
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y  =  {yi,y2,y3,-,yn}cr' 

both  multisets  such  that  dim  <  X  >=  r  and  dim  <  Y  >=  q. 

1.  If  n  >  rq  then  T  is  dependent. 

2.  Ifn<r  +  q  then  T  is  independent. 

Corollary  4.1.5  does  not  cover  the  cases  when  r  +  q  <  n  <  rq,  which  is  a 
difficult  problem.  The  following  theorem  addresses  these  cases. 
Theorem  4.1.6.  Let  T,  X,  and  Y  be  denoted  as  in  Corollary  4-1-5.  The  set  T  is 
dependent  if  and  only  if  the  following  are  true: 

1.  n>  r  +  q 

2.  There  is  an  ordering  of  the  elements  ofT  such  that  {yi,y2,y3-i  ■■■lyg}  is  a  basis  for 
<Y  >,  and  the  set  {xg+i,Xq+2,^q+3,  ■■■■,^n}  is  a  spanning  set  for  <  X  >. 

3.  There  exist  q  x  {n  —  q)  coefficients  5ij  such  that 

n-q 

5ijXg+j  =  CiXi    for  some  ci  and  for  all    i  =  1, 2, 3, 

and 

''^^^ijyi  = '^iVj    for  some  Wi  and  for  all   j  =  q  +  l,q  +  2,q  +  3,  ...,n. 

Proof  Assume  first  that  T  is  minimally  dependent  and  that  we  have  already  ordered 
the  elements  of  T  so  that  {yi,  ?/2, 2/3,  2/9}  is  a  basis  for  Y.  Therefore  we  know 
from  Corollary  4.1.5  that  n  >  r  -\-  q.  Moreover,  there  are  coefficients  ctj  such  that 
Zir=i  =  0-  There  also  exist  coefficients  such  that  for  each  j  =  1, 2, 3, n-q 

we  have 

q 

Vq+J  =  Y^^jkyk-  (4.2) 
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Now,  following  the  same  steps  as  in  Theorem  4.1.4,  we  may  rewrite  the  original 
dependence  on  T  in  the  following  way: 

0  =   (aixi  +  X;"=i'  ajjjiXg+j)  (S)  yi  +  {a2X2  +  YJjZl  o^jlji^q+j)  O  2/i  + 
(ttsxa  +  YJlZl  otjlji^Q+i)  ®  ?/i  +  •••  + 

Now,  as  before,  since  {yi,  y2,  ys, y^}  is  independent,  we  conclude  for  i  =  1, 2, 3, q 
we  have 

n—q 

oiiXi  +  ^  aj'fijXq+j  =  0.  (4.3) 

Equation  4.3  shows  that  the  set  {xq^i,Xq^i,Xq+i, x„}  is  a  spanning  set  for  <  X  >. 
Furthermore,  let  6ij  =  oijjji  and  we  see 

y  ]  ^ij^i  =         Oij^jiXj  =  Q-jXji  (4-4) 

which,  together  with  equation  4.2,  gives  us  the  desired  result. 

Conversely,  assume  conditions  1,  2,  and  3  are  true.  Since  X]"=i 
for  i  =  1, 2, 3, q  we  know 

9  "-9 

-CjXj  +  ^  Q;j7jia;,+j)  ®  y,  =  0. 
i=l  j=i 

Since  ®  is  linear,  we  rewrite  the  above  as 

q  q  n-q 

CiXi  ®  yi  +  X]  5^  O  yi  =  0. 

i=l  i=l  j=l 

Now,  switching  the  order  of  summation,  we  find 

q  n-q  q 

(g)  yi  +  ^  Xq+j  (g)  ^  5ijyi  =  0. 

i=l  j=l  i=l 

Using  the  assumptions,  the  above  becomes 

9  n-q 

(g)  yi  +  y^  Xg+j  ®  ly^yj  =  0, 
i=i  j=i 

from  which  we  conclude  that  the  set  T  is  dependent  and  this  completes  the  proof.  ■ 
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In  general,  this  theorem  is  very  difficult  to  use.  We  have  included  it  here 
because,  in  the  particular  case  when  r  =  g  =  2,  we  can  use  this  theorem  to  answer 
the  question  completely.  When  r  =  9  =  2  we  have  rq  =  r  +  q  =  A.  Thus  we  would 
know  exactly  when  T  was  independent  by  knowing  what  happens  when  n  =  4. 

Theorem  4.1.7.  Let  T  =  {xi(S>yi,X2<Siy2,X3<S>y3,X4®yi},  X  =  {xi,x2,X3,Xi}  and 
Y  =  {yi,  2/2, 2/3, 2/4}-  We  reemphasize  here  that  X  and  Y  are  multisets.  Furthermore, 
we  are  assuming  T  is  ordered  so  that  yi  and  2/2  span  <  Y  >,  and  X3  and  X4  span 
<  X  >.  T  is  dependent  if  and  only  if  exactly  one  of  the  following  occurs. 

1.  At  least  one  of  [xi,  X3],  [x2,  x^],  [2/1, 2/3],  [2/2, 2/4]  is  zero, 
or 

2.  The  cross  ratios  of  the  two  sets  of  four  points  are  equal,  that  is 


The  expression  on  either  side  of  the  equal  sign  of  equation  4.5  is  referred  to  as 
the  cross  ratio  of  the  four  collinear  points.  From  projective  geometry  we  know  that 
two  sets  of  four  collinear  points,  one  lying  on  line  li  and  the  other  set  lying  on  line 
I2,  have  the  same  cross  ratio  if  and  only  if  there  is  a  projective  transformation  which 
takes  li  to  I2  in  such  a  way  that  the  transformation  taJces  the  one  set  of  four  points 
to  the  other  set  of  four  points  [13]. 

Proof.  We  know  Y  is  arranged  so  that  {2/1, 2/2}  is  a  basis  for  <  F  >.  Hence  there  are 
coefficients  7jfc  such  that 


[0:13:4]  [X2X3]  ^  [2/12/4]  [2/22/3] 
[2:1X3]  [x22:4]      [yi  2/3]  [2/22/4]' 


(4.5) 


2/3  =  Tiiyi  +  7122/2 


(4.6) 


and 


2/4  =  7212/1  +  7222/2- 


(4.7) 


If  we  join  every  term  in  equation  4.6  with  2/2  and  then  with  2/1  we  find 


7ii  = 


[2/32/2] 

[ym] 


and  7i2  = 


[2/22/1] ' 


(4.8) 
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Similarly  from  equation  4.7  we  find 

721  =  7  T  and  722  =  7  7.  (4.9) 

[ym]  mvi] 

We  know  that  T  is  dependent  if  and  only  if  there  exists  a  2  x  2  matrix  which  satisfies 
condition  3  of  Theorem  4.1.6.  This  is  equivalent  to  determining  when  there  exist 
coefficients  ai, a2,  aa, 0:4  such  that 

otsJnXi  +  a^nruXi  =  -aiXi  (4.10) 

and 

Q!372l2;3  +  a4l/22XA  =  -Q;2^2-  (4.11) 
We  see  this  is  true  because  the  matrix 


( 


a37ii  Q!47i2 

a3721  ^4722 


satisfies  condition  3  of  Theorem  4.1.6  and  one  can  easily  see  any  matrix  satisfying 
condition  3  of  Theorem  4.1.6  can  be  put  in  this  form. 

We  answer  the  question  of  the  existence  of  ai,  0:2,  as,  and  014  by  looking  at 
the  following  system  of  four  equations  and  four  unknowns  obtained  by  first  joining 
every  term  in  equation  4.10  with  xi  and  then     to  find  the  following  two  equations: 

asjnix^xi]  +  Q!47i2[a;4a:i]  =  0 

and 

cuiJuixAXs]  +  aifxixa]  =  0. 

To  find  the  last  two  equations,  join  each  term  in  equation  4.11  with  X2  and 
then  X4  to  obtain 

0:3721  Na;2]  +  0:4722  [a;4a:2]  =  0 

and 

Oi372l[x3X4]  +  Q;2[X23;4]  =  0. 
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We  know  that  this  homogeneous  system  of  Unear  equations  in  the  variables 
ai,a2,a3, 0(4  has  a  solution  if  and  only  if  the  determinant  of  the  matrix 

/  0  0  711^33:1]  'ynixAXi]  \ 

0  0  72iN2;2]  722  [3:42:2] 

[X1X3]  0  0  7i2[2;4a;3] 

\  0  [3:2X4]  721  [3:3:2:4]  0  / 

is  zero.  Since, 

1^1  =  [3^12:3] [2:20:4] (711  [a:3Xi]722 [2:4X2]  -7i2[a:42:i]72i[2:32:2]), 
we  know  |A''|  =  0  if  and  only  if 

[2:1X3] [x2X4](7n[x3Xi]722[x4X2]  -  7l2[x4Xi]72l [X3X2])  =  0. 

This  is  obviously  zero  if  either  [xiXs]  =  0  or  [X2X4]  =  0.  Note  that  we  could  have 
set  up  this  system  of  equatons  so  that  the  x's  played  the  role  of  the  j/'s  to  obtain  a 
similar  statement  if  either  [2/12/3]  =  0  or  [2/22/4]  =  0- 

Otherwise,  if  all  of  [xiXs],  [X2X4],  [2/12/3]  and  [2/2)2/4]  are  not  zero  we  conclude 
[A^l  =  0  if  and  only  if 

7ll722  ^  [X4X1][X3X2] 
712721        [2:32:1]  [X4X2]' 

Finally,  using  equations  4.8  and  4.9,  we  arrive  at  the  desired  result.  ■ 
One  example  where  we  can  apply  this  theorem  is  in  the  case  where  the  frame- 
work K55  realized  in  3-space  so  that  vertex  set  A  is  coplanar  with  no  three  collinear 
and  the  vertex  set  B  is  coplanar  with  no  three  collinear.  We  will  examine  the  frame- 
work G  obtained  by  removing  the  bars  {ai,  61}, {ai,  62}, {02,  bi},  and  {02, 62}  from  this 
realization  of  K55.  Note,  by  construction  we  have  N{A)  =  N{B)  =  2.  Now,  let  P  be 
the  matrix  whose  columns  form  a  basis  for  the  space  B>{A)  and  whose  rows  are  indexed 
by  the  points  of  A  such  that  the  first  two  rows  are  indexed  by  ai  and  02  respectively. 
Similarly,  let  Q  be  a  matrix  whose  columns  form  a  basis  for  the  space  IS>{B)  and  whose 
rows  are  indexed  by  the  points  of  B  such  that  the  first  two  rows  are  indexed  by  bi 
and  62  respectively.  Denote  by  xi,  the  point  whose  coordinates  are  the  entries  of  the 
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first  row  of  P.  Similarly,  denote  by  X2,  the  point  whose  coordinates  are  the  second 
row  of  P.  Finally,  denote  by  yi  and  y2,  the  points  which  have  as  their  coordinates 
the  first  and  second  rows  of  Q  respectively.  Note  that  since  A  has  no  three  points 
collinear  we  can  choose  P  so  that  Xi  and  X2  are  distinct.  Likewise,  Q  can  be  chosen 
so  that  yi  and  ?/2  are  distinct.  We  know  that  dim{ker{T)o)  =  dim{B>{A)  (8)D(S)  —  4) 
if  and  only  if  the  set  T  =  {xi  (g)  yi,X2  ®  2/2,^1  <8)  y2,^2  ^  Vi}  is  independent.  In  this 
case  X  =  {xi,X2,xi,X2}  and  Y  =  {yi,y2,y2,yi}-  Now,  from  Theorem  4.1.7,  with  the 
above  order,  we  may  conclude  T  is  dependent  because  [xiXi]  =  0.  Hence  removing 
these  four  bars  does  not  decrease  the  dimension  of  the  kernel  by  four.  On  the  other 
hand,  using  Theorem  4.1.4  we  see  any  subset  of  cardinality  three  of  T  is  independent. 
Hence  we  conclude  dim{ker{r)G)  =  dim{p{A)  (8)D(5)  -  3)  =  1. 

4.2    The  Image 

The  most  difficult  part  of  the  problem  thus  far,  has  been  trying  to  understand 
the  following  question:  If  we  remove  one  bar  from  a  bipartite  framework,  when  does 
this  decrease  the  dimension  of  the  image  of  r  by  one? 

We  have  already  proved  a  few  theorems  about  the  image  of  r,  such  as  Theorem 
3.3.9  and  Theorem  3.3.11.  The  following  are  some  slightly  more  general  results  about 
the  image  of  r. 

Theorem  4.2.1.  Let  G2  he  a  bipartite  framework  which  is  obtained  from  the  bipartite 
framework  Gi  by  removing  the  bar  {a,b}  from  Gi.  If 

dim{Im{T)G2)  =  dim{Im{T)G^)  —  1 
then  every  element  w  of  the  ker{T)Gi  has  Wab  =  0. 

Proof  We  prove  the  contrapositive.  Assume  there  is  an  element  w  of  the  kernel  of  r 
with  Wab  =  1-  Then  there  is  a  scalar  for  each  element  A  G  Qqi  such  that  the  ab 
position  of  A  —  /i^w  is  zero.  Obviously, 
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Furthermore,  adding  an  element  from  the  kernel  of  r  to  any  element  of  does  not 
change  its  image  under  r.  Hence  we  can  show  dim{Im{r)G2)  =  dim{Im{r)G^).  To 
see  this,  note  that 

Im{T)G2  C  Im{T)G,. 

Now,  let  T]  e  Im{T)Gi,  then  there  is  A  G  Qqi  such  that  r(A)  =  rj.  Furthermore, 
A  —  /jLxw  E  Q,g2  and 

r(A  -  nxw)  =  r(A)  =  77. 

Hence  we  may  conclude  dim{Im{T)G2)  =  dim{Im{T)Gi)-  B 
Theorem  4.2.2.  Let  G  be  a  framework  which  is  obtained  by  removing  the  set 

^  =  { {oii ,  bj, } ,  {ai2 ,  bj, },  {ai3 ,     },...,  {ci, ,  bj, } } 

of  I  distinct  bars  from  Kmn-  Then  dim{Im{T)G)  —  (izm(D(Ci<-^„  0  C^^^)  —  I  if  and 
only  if  the  following  two  conditions  are  satisfied: 

1.  Every  element  of  ker{T)K^„  is  zero  in  the  positions  associated  with  the  bars  in  B. 

2.  There  exist  an  independent  set  £  —  {ci,  62, 63, e;,  e/^i, Cp}  such  that  £  together 
with  a  basis  for  A;er(r)/<-^„  form  a  basis  for  Q-Kmn  ^-''^d  for  each  k  =  1,2, 3, /  there 
is  a  one  in  the  aij)j^  position  of  Ck  and  a  zero  in  the  positions  of  ek  associated  with 
the  bars  of  B  -  {{ai^,bjj}. 

The  proof  of  the  above  theorem  follows  from  Theorem  4.2.1  and  the  techniques 
of  Theorem  4.1.2. 

Unfortunately,  it  may  be  difficult  to  tell,  by  observation,  whether  or  not  a 
realization  of  a  particular  framework  satisfies  either  of  the  previous  theorems. 


CHAPTER  5 
EXAMPLES 

5.1    Kii  Minus  One  Bar 

Let  G  be  a  framework  obtained  by  removing  the  bar  {ai,  61}  from  the  bipartite 
framework  reahzed  in  the  plane.  Using  the  results  in  this  paper,  we  are  able  to 
determine  the  dimension  of  the  stress  space  for  any  realization  of  the  above  framework. 

The  following  is  a  complete  list  of  possible  dimensions  of  the  stress  space  of  G 
together,  with  a  breakdown  of  the  image  and  kernel  dimensions  and  the  realizations 
which  yield  these  dimensions. 

We  will  label  each  realization  according  to  the  following  cases: 

Case  I:  In  this  case  we  will  assume  no  three  points  of  either  the  set  A  or  the  set  B 
are  collinear. 

Case  IL  Assume  the  set  A  has  three  points  collinear,  yet  A  still  spans  the  plane  and 
the  set  B  has  no  three  points  collinear. 

Case  IIL  Assume  both  sets  still  span  the  plane  and  both  set  have  three  points  collinear. 

Case  IV:  Assume  A  is  collinear  and  B  has  no  three  collinear. 

Case  V:  Assume  A  is  collinear  and  B  has  only  three  points  collinear. 

Case  VI:  Assume  both  sets  are  collinear. 

For  simplicity  the  results  of  each  case  are  listed  in  the  tables  to  follow.  Fur- 
thermore, to  aid  the  reader,  following  the  two  tables  we  have  included  a  list  of  figures 
corresponding  to  each  realization.  In  each  case,  we  have  tried  to  include  a  figure 
which  depicts  the  most  general  realization  satisfying  the  given  conditions;  yet  within 
a  case  there  may  be  special  realizations  which  yield  the  same  dimension  stress  space. 
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Table  5.1:  Complete  Description  of  G 


Realization 

dim{Q) 

N(A)N(B) 

\Cg\ 

fcer(r) 

/m(r) 

l.±  vjteilcIlC  rUDlllOIl 

0 
z 

1 
1 

Q 
0 

U 

0 
z 

1.2  All  eight  points  on  a  conic 

3 

1 

8 

0 

3 

ll.J.  /i  liaa  LUIcc  puinib  coiunedi, 

ai  an  isthmus  of  ^4,  Cg  not  on  a 

CUlllL,   |Olti3U4j  ^  U 

7 

1 
1 

1 
i 

II. 2  As  above  with  all  of  Co  on  a 
conic  (necessarily  degenerate). 

3 

1 

7 

1 

2 

11. o  As  m  11. i  witn  [01(23(14]  =  u 
and  Cg  not  on  a  conic 

Q 

1 

Q 

i 

z 

II. 4  As  in  II. 3  except  all  of  Cg  on 
a  conic. 

4 

1 

1 

6 

II. 5  A  has  three  points  collinear, 
a\  not  an  isthmus  of  and  not 
all  of  Cg  on  a  conic. 

2 

1 

8 

0 

2 

11.0  AS  m  11.0  except  all  01  Og  i^n 
on  a  conic. 

Q 

1 

Q 

U 

0 
0 

III.l  Both  sets  A  and  B  have  only 
three  points  collinear,  but  on  dif- 
ferent lines,  both  a\  and  61  isth- 
muses, [016364]  7^  0  and  [6103(24]  7^ 
0 

2 

1 

6 

1 

1 

III.2  As  in  III.l  with  the  3 
collinear  points  of  A  on  the  same 
line  as  the  3  collinear  points  of  B. 

4 

1 

6 

1 

3 

III.3  As  in  III.l  with  [016364]  =  0 
or  [610304]  =  0. 

3 

1 

7 

1 

2 

III.4  As  in  III.l  with  both 
[016364]  =  0  and  [610304]  =  0. 
(note  here  all  eight  points  are  on 
a  degenerate  conic) 

4 

1 

8 

1 

3 

III. 5  A  and  B  both  have  three 
points  collinear,  but  on  differ- 
ent lines,  both  sets  also  span  the 
plane,  only  one  of  Oi  or  61  an  isth- 
mus (say  Oi  is  an  isthmus  of  A  and 
62  an  isthmus  of  J5),  [61O3O4]  ^  0. 

2 

1 

7 

1 

1 

III.6  As  in  III.5  but  all  of  Cg  on 

conic,  that  is  [62O2O3]  =  0. 

3 

1 

7 

1 

2 

"i 
I 
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Table  5.1 -continued 


R     1 1     f  1  on 

dim(Q) 

\Cr\ 

/u6r(T) 

/77i(t) 

III  7  As  in  III  5  with  the  three 
rollifippir  DointR  nf  A  on  thp  rpttip 

hne  as  the  three  collinear  points  of 
B. 

4 

1 

7 

1 

3 

Ill  8  As  in  III  5  with  \b^a■^a^\  =  0 
not  Pill  of  (1/^  on  ri  ronir 

3 

1 

8 

1 

2 

III  9  As  in  III  8  with  all  of  Cn  on 

4 

1 

8 

1 

3 

III.  10  Again,  both  A  and  5  have 

fVirpp  nnini''^  rollirippir    npitVipr  ^^ 

UlilCC     L^^JIXXLjO     V-VJiXXXXt^CLX  J     XX^XUIX^X  U/]^ 

nor  61  an  isthmus,  not  all  of  Cq 

2 

1 

8 

0 

2 

on  a  ronir 

KJLL     C«  V'V/XXXV'i 

III.  11  As  in  III.  10  with  all  of  Cg 

3 

1 

8 

0 

3 

on  a  conic. 

IV.  1  A  is  coUinear,  B  has  no  three 
collinear,  5n  <  yl  >=  0 

2 

2 

4 

1 

1 

IV. 2  As  in  IV.  1  together  with 
1  Rn  <  A>  \  =  \ 

3 

2 

5 

1 

2 

IV  3  As  in  IV  1  together  with 

J.    T    •            .XLO       XXX       XV                U  WC.V-'  UXXtw'X  vvxuxx 

\Bn<  A>\  =  2. 

4 

2 

6 

1 

3 

VI  A  rollinear  Fi  has  three 
points  collinear,  with  6i  an  isth- 
mus of  B,  Bn  <  A  >=  and 
\a^h■^h^]  ^  0. 

2 

2 

3 

2 

0 

V.2  As  in  V.l  with  [016364]  =  0. 

3 

2 

4 

2 

1 

V  3   As  in   VI    toerpther  with 

T    m%J        1  X.Q        XXX          V    •  X         Uv./tit/ vXXVL^i          VV  lUXX 

|Bn  <  A  >  1  =  1. 

3 

2 

4 

2 

1 

J. 

V.4  As  in  V.l  together  with 

JL' 1   1    \    li.    ^        —    ±,    KxVWX  11*11^31/41   

0. 

4 

2 

5 

2 

2 

V.5  As  in  V.l  together  with 
1  Rn  <:  A  ~^  \  —  '\ 

6 

2 

7 

2 

4 

VI.  1  Both  A  and  B  collinear  with 

V    ^  •  -A.     A—^  \J  U  X  X    ^  X    C^XX  \_X    X-^         V./X  XX  X  X  V-^  CXfX      V  V  X  U  X  X 

<  A  >  n5  =  0  and  An  <  >= 
0. 

3 

4 

0 

3 

n 

VI. 2  As  in  VI.l  with  the  two  lines 
intersecting  in  either  one  point  of 
A  or  one  point  of  B. 

3 

4 

1 

3 

0 

VI.3  A\J>B  collinear. 

8 

4 

8 

3 

5 

1.1 

• 

•b4 

'•  a 

1.2 

^1  b, 

^3 

II.l 

/ 

/ 

II.2 

^4  / 

bX  / 

/  ^\ 

II.3 

N  A' 

b/ 

• 

II.4 

"^1  /b, 

4 1>  / 

^  V 

b  /• 

^2 

Figure  5.1:  Realizations  of  ^44 


Figure  5.1-continued 


Figure  5.1-continued 


Figure  5.1-continued 


Figure  5.1-continued 
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5.2    Kaa  Minus  Two  Bars 

The  following  tables  are  similar  to  the  tables  presented  previously  except  they 
are  a  complete  listing  the  dimension  of  the  stress  space  of  the  framework  G2  obtained 
by  removing  the  two  bars  {ai,  61}  and  {02, 62}  from  the  complete  bipartite  framework 
Ku  realized  in  the  plane.  We  have  already  noted  that  there  are  realizations  of  this 
framework  for  which  no  theorem  applies.  Hence,  in  these  cases,  the  entries  in  the 
tables  were  either  worked  out  by  hand  or  by  computer  using  the  original  definition  of 
the  rigidity  matrix.  Furthermore,  in  the  tables  to  follow  two  columns  have  been  added. 
The  first  extra  column  indicates  the  dimension  of  D(Cg  (8)  Co),  denoted  simply  by  D 
in  the  table.  This  is  added  since  in  some  realizations  we  have  /m(r)  /  D(Cg  ®  Co)- 
We  have  also  added  a  column  which  indicates  if  any  theorem  applies.  Also,  as  before, 
following  the  tables  we  have  included  figures  which  correspond  to  each  of  the  listed 
realizations. 
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Table  5.2:  Complete  Description  of  G2 


Realization 

NaNb 

\Cg\ 

Kr 

It 

P 

ml 

Theorem 

I.l  Both  sets  A  and  B  are  in  generic 
position  in  the  plane. 

1 

1 

8 

0 

1 

2 

n 

1.2  The  points  01,03,04,62,^3,^4 
on    a    conic    and    the  points 
02,03,04,61,63,64     on    an  inde- 
pendent conic. 

2 

1 

8 

0 

2 

2 

y 

1.3  Both  sets  A  and  B  have  no  three 

•1                  11*                            All*li                '       1  C 

points  collmear.  All  eight  points  01 
Co  on  the  same  conic. 

2 

1 

8 

0 

2 

3 

n 

II.  1  The  set  A  has  three  points 
coUinear,  but  still  spans  the  plane. 
B  has  no  three  collinear.  Oi  or  02 
the  isthmus  of  A. 

1 

1 

7 

0 

1 

1 

y 

II. 2  As  in  II.  1  with  all  of  Cg  on  a 

2 

1 

7 

0 

2 

2 

y 

conic. 

II. 3  As  in  II. 1  with  [61O3O4 

=  0. 

2 

1 

8 

0 

2 

2 

y 

II. 4  As  in  II. 3  with  all  of  Cg  on  a 

3 

1 

8 

0 

3 

3 

y 

conic. 

II. 5  A  has  three  collinear,  but  still 
spans  the  plane.    B  has  no  three 
collinear  and  03  or  04  the  isthmus 
of  A. 

1 

1 

8 

0 

1 

2 

n 

II. 6  As  in  II. 5  with  all  of  Cg  on  a 

2 

1 

8 

0 

2 

3 

n 

conic. 

III.l  A  has  three  points  colhnear 
and  B  has  three  points  collinear  and 
both  sets  still  span  the  plane.  Oi 
the  isthmus  of  A  and  62  the  isth- 
mus of  B  (similar  if  02  and  61  are 
the  isthmuses). 

1 

1 

6 

1 

0 

0 

y 

III.2  As  in  III.l  with  [61,02,03]  =  0 
(or  [026364]  =  0). 

2 

1 

7 

1 

1 

1 

y 

III. 3  As  in  III.l  with  all  of  Cg  on  a 

2 

1 

6 

1 

1 

1 

y 

conic. 

III.4  As  in  III.3  with  [61, 02, 03]  =  0 
(or  [026364]  =  0). 

3 

1 

7 

1 

2 

2 

y 
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Table  5.2-continued 


Complete  Description 

of  Go 

Realization 

Q. 

NaNb 

■'t 

tfi   f  tn 

111,5  As  in  III.l  with  the  three 

4 

1 

Q 

0 

1 
i 

Q 

0 

q 

y 

coUinear  points  of  A  on  the  same  Une 

/*                         11             ilil                              11*  *J_ 

formed  by  the  three  collmear  pomts 

of  B. 



"W  T  T      ^\          A                     1       "n      J   1                                    ■         1  11' 

III. 6  A  and  B  three  pomts  colhnear 

1 

1 

C 

D 

u 

1 
1 

1 
i 

y 

each  and  both  span  the  plane,  ai 

and  bi  are  the  isthmuses,  (similar  if 

a2  and  62  are  the  isthmuses). 

"WWW     mm        A            •            TTX                     '  i  1          V  TJT 

III.7  As  m  III. 6  with  [016364]  =  0 

2 

1 

7 

n 

9 

9 

Li 

y 

(  or  [610304]  =  0). 

III.8  As  in  III.6  with  [016364]  =  0 

3 

1 

Q 

A 

U 

Q 
0 

Q 

y 

and  [610304]  =  0. 

III.9  As  in  III.6  with  the  three 

3 

1 

D 

U 

0 

0 

0 

y 

points  collinear  in  A  on  the  same 

line  spanned  by  the  three  collinear 

points  of  B. 

III.  10  As  in  III. 6  with  Oi  and  63  the 

1 

1 

I 

0 

1 

i 

1 
1 

y 

isthmuses,    (any  combination  of  Oj 

and  bj  (or  bi  and  Oj)  with  i  —  1,2 

and  j  =  3,4  will  yield  a  similar  re- 

sult). Same  result  if  exactly  one  of 

rill          r\           fl                1  r\ 

[016264]  =  0  or  [630203]  =  0. 

III.  11  As  in  III.  10  with  [016264]  =  0 

2 

1 

7 

u 

0 

9 

y 

and  [630203]  =  0. 

III.12  As  m  III. 10  with  [610203]  =  0 

2 

1 

0 
0 

U 

0 
z 

z 

y 

and  exactly  one  of  [016264]  =  0  or 

[630203]  =  0. 

III.13  As  in  III.IO  with  [61O2O3]  =  0, 

3 

1 

8 

0 

3 

3 

y 

[016264]  =  0  and  [630203]  =  0. 

TTT    -t    A          A             •            TTT                     *  i  1  C 

III.  14  As  in  III. 6  with  none  of 

1 

1 

8 

0 

1 

2 

n 

01)^2,61,62  isthmuses.   Say  04  and 

64  the  isthmuses. 

III.15   As   in   III.14   with  both 

2 

1 

8 

0 

2 

3 

n 

[046162]  =  0  and  [640102]  =  0,  hence 
all  of  Cq  on  a  conic. 

IV.  1  A  collinear,  B  has  no  three 

1 

2 

4 

0 

1 

1 

y 

points  collinear. 
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Table  5.2-continued 


Complete  Description  of  G2 


Realization 

D 

Theorem 

IV. 2  As  in  IV.  1  with  any  one  point 
01  D  on  tne  ime  spannea  oy  ine  oei 
A. 

2 

2 

5 

0 

2 

2 

y 

1 V  .0  AS  in  1 V  .1  witn  any  two  pouiib 
of  B  on  the  hne  spanned  by  the  set 
A. 

Q 

9 

u 

n 

u 

y 

1 V  .4  /I  IS  couinedr  ana  d  iiaa  iniee 
pointo  couuieai .  u\  yyi  U2)  an  ibuii- 
mus  of  B. 

1 
i 

9 

Q 
0 

n 

n 

y 

1 V  .0  rvo  in  iv.^  Willi  any  uiic  puiui 
of  B  on  the  Una  spanned  by  A. 

0 

9 

4 

1 

J. 

1 

J. 

IV.6  As  in  IV.4  with  [feiCias]  =  0 

Qn/n  oniT'  /"itnof  T\r*in^"  r\T  R  r\T\  i"n£i  lino 
dillU.  clliy  ULllcl  pUlllL  Ul  JD  Ull  lllC  llllc 

spanned  by  A. 

3 

2 

5 

1 

2 

2 

y 

TV  7         in  TV  4  with  In.hr^hr,    —  0 
A  V  .  1   /\t5  111  L  \  .*±  Willi    ii\U2^3  — 

0 

9 

4 

1 

1 

1 

J. 

y 

IV.8  As  in  IV.7  with  61  on  the  hne 

cr^ci  n  n  ori  Vwr  t  n  0  Got  /\ 
opcLllllcU,  Uy   Lllc  oCt  /T.. 

3 

2 

5 

1 

2 

2 

y 

IV.9  As  in  IV.4  with  the  three 
coUinear  points  of  B  spanning  the 

ooTTio  lino  Qc  trio  cot  ^ 
odilllc  1111c  do  lllc  ocl  yi. 

5 

2 

7 

1 

4 

4 

y 

IV.  10  As  in  IV.4  except  with  63  (or 
64)  the  isthmus  of  B  instead  of  bi. 

1 

2 

4 

0 

1 

1 

y 

Lv.ii  rVa  ill  i  V  .iu  Willi  any  point  oi 
B  on  the  line  spanned  by  the  set  A. 

9 

9 

0 

n 
u 

9 

9 
z 

y 

1\/  19    Ao  in   T\/  in  MrifVi   h     Qnrl  Qnir 

i\,L^  i\b  111  iv.iu  Willi  03  aiiQ  any 
other  point  of  B  on  the  line  spanned 
by  the  set  A. 

0 
0 

9 

D 

n 
u 

0 
0 

q 

y 

IV.13  As  in  IV.IO  with  the  three 
coUinear  points  of  B  falling  on  the 
line  spanned  by  the  set  A. 

4 

2 

7 

0 

4 

4 

y 

V.l  The  set  A  is  coUinear  and  the 
set  B  is  coUinear. 

2 

4 

0 

2 

0 

0 

y 

V.2  As  in  V.l  with  one  point  of  A 
on  the  line  spanned  by  the  set  B,  or 
one  point  of  B  on  the  line  spanned 
by  the  set  A. 

2 

4 

1 

2 

0 

0 

y 

V.3  As  in  V.l  with  the  line  spanned 
by  the  set  A  equal  to  the  line 
spanned  by  the  set  B. 

7 

4 

8 

2 

5 

5 

y 

Figure  5.2:  Realizations  of  Ku 
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Figure 


5.2-continued 


III.4 

a 

» 
» 

III.5 

X"  a, 

bX 

III.6 

3  (» 

III.7 

• 

^2  b^ 

III.8 

^3. 
^4 
^2 

^^^•^  b  3 

b4 

III.9 

bi  X 

bX 

Figure  5.2-continued 


m.io 

III.ll 

^3 

a 

"  3 

» 

I 

• 

^4 

^2 

b4 

III.12 

> 

III.13 

» 

^3 

•b3 

• 

^3 

^4 

> 

^2 

III.14 

^4 

• 

^4 
• 

III.  15 

^3 

» 

^3, 

^1 

a,, 

^4  ^•^^ 

^2 

» 

^2 

Figure  5.2-continued 


Figure  5.2-continued 


IV.7 

a  f 

^  3 

IV.8 

^3 

1 

b, 
^1 

b,\^^^ 
b4 

IV.9 

^3\ 

\^2 

•                                             ^  4 

IV.IO 

^3 
a. 

4 

^2 

b3. 

•  a, 

b^\^^^ 
b4 

IV.ll 

^\b, 

^2  b^ 

IV.12  „ 

"a, 

^\b^ 

b3}  ^ 

Figure  5.2-continued 


Figure 


5.2-continued 


CHAPTER  6 
CONCLUSION 

6.1  Summary 

In  this  dissertation  we  wanted  to  extend  the  result  of  Bolker  and  Roth  to  gen- 
eral bipartite  frameworks.  To  this  end  we  stated  and  proved  theorems  for  classes  of 
bipartite  frameworks  which  are  not  complete.  In  particular,  Corollary  3.2.4  gives  the 
dimension  of  the  stress  space  for  any  realization  of  a  framework  which  has  a  com- 
plete bipartite  spanning  subframework.  Examples  of  frameworks  where  this  corollary 
applies  were  given.  We  also  gave  two  realizations  of  the  same  framework  which  had 
no  complete  bipartite  spanning  subframeworks.  The  point  of  these  examples  was  to 
show  that  the  general  problem  may  be  very  difficult.  These  examples  also  show  that 
there  may  be  some  complicated  geometric  condition  on  the  joints  that,  if  satisfied, 
will  change  the  dimension  of  the  stress  space. 

There  is  one  class  of  bipartite  frameworks  for  which  we  achieved  what  we  set 
out  to  do.  Corollary  3.3.5  gives  the  dimension  of  the  stress  space  for  any  realization 
of  a  bipartite  framework  which  is  obtained  by  removing  /  bars,  all  incident  at  one 
joint,  from  the  complete  bipartite  framework  Kmn- 

We  note  here,  that  these  theorems  do  more  than  simply  calculate  the  dimension 
of  the  stress  space  (this  can  be  calculated  using  the  rigidity  matrix) .  These  theorems 
also  enable  us  to  predict  which  geometric  conditions  will  yield  special  realizations 
for  which  the  framework  at  hand  would  not  be  rigid.  For  instance  we  can  easily  see 
that  the  framework  obtained  by  removing  a  bar  from  the  framework  K34  will  be  rigid 
unless  the  K33  subframework  is  not  rigid. 
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In  Chapter  4  we  presented  what  is  known  about  general  bipartite  frameworks. 
We  stated  theorems  about  dim(/m(r)G)  and  dim{ker{T)G)-  The  latter  includes  a 
short  sidetrack  into  tensor  products. 

Finally  in  Chapter  5  we  presented,  in  tabular  form,  two  examples  worked  out 
in  full  detail.  The  point  of  these  examples  is  twofold.  First  they  show  the  usefulness 
of  our  results  in  determining  the  dimension  of  the  stress  space  of  some  non-complete 
bipartite  frameworks  and  how  changing  the  realization  can  change  this  dimension. 
Second  they  show  how  complicated  the  realizations  of  a  framework  can  become  even 
in  a  relatively  simple  case,  realized  in  the  plane. 

6.2    Future  Research 

At  the  end  of  chapter  4  we  note  that  not  much  is  known  about  dim{Im{T)G) 
outside  the  cases  stated  earlier  in  this  dissertation.  In  fact,  the  question  of  dimension 
is  not  suitably  answered  for  ker[r)G  in  the  general  case  either.  Our  hope  is  to 
continue  to  make  progress  on  these  problems  and  answer  these  questions  in  full. 
Some  techniques  which  seem  hopeful  involve  the  theory  of  matroids  [14,  15].  We  have 
been  successful  in  describing  the  kernel  of  r  as  a  matroid,  but  again  the  image  proves 
to  be  difficult. 

The  problems  solved  in  this  dissertation  are  an  obvious  extension  of  the  work 
of  Bolker  and  Roth.  This  is  not  the  only  generalization.  In  fact,  using  a  higher  order 
generalization  of  rigidity,  called  r  -  rigidity,  presented  by  Tay  et  al.  [11,  12],  one 
can  hope  for  a  results  similar  to  those  of  Bolker  and  Roth  for  complete  tripartite 
frameworks.  We  have  done  some  work  in  this  area  and  it  does  not  seem  to  be  a 
trivial  generalization. 

Let  A,  B  and  C  all  be  finite  subsets  of  with  cardinalities  k,  m,  n  respectively. 
Denote  by  Vt{A,  B,  C)  the  space  of  3-stresses  of  the  complete  tripartite  framework  with 
underlying  graph  Kkmn-  Define,  as  in  the  bipartite  case,  a  map  r  :  Q.{A,  B,  C)  E*. 
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Proposition  6.2.1.  Given  a  tripartite  framework  with  vertex  sets  A,  B  and  C, 

dim{Q.{A,  B,  C))  =  dim{ker{T))  +  dim{Im{T)). 

We  have  already  shown  the  following: 
Proposition  6.2.2.  Given  a  tripartite  framework  with  vertex  sets  A,B  and  C  then 

B{A)  (8)D(B)  ®D(C)  C  n{A,B,C). 

Proposition  6.2.3.  Given  a  tripartite  framework  with  vertex  sets  A,B  and  C 

1.  B{A)  0  n{B,  C)  C        B,  C) 

2.  D(B)  0  Vt{A,  C)  C  ^{A,  B,  C) 

3.  D(C)  (g)  n{A,  B)  C        B,  C) 

We  have  also  shown  that,  in  general,  \i  E  C  Al)  BVJC,  then  Im{T)  is  not  a 
subset  D(£'  ^  E  ^  E)  for  any  of  the  obvious  choices  of  r.  We  would  like  to  find  a 
linear  map  r  for  which  we  get  results  analogous  to  the  results  of  Bolker  and  Roth. 
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